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A fracture criterion for sharp V-notched samples
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Abstract. The objective of this paper is to show the advantages of the cohesive crack model for predicting
fracture of V-notched components. Critical values of the generalized stress intensity factor can be obtained from
the knowledge of the material softening function and the elastic parameters, avoiding a cumbersome experimental
work. The results were checked successfully against experimental ones, from other authors, in different materials:
steel, aluminium, PMMA and PVC. A non dimensional formulation of the fracture criterion for sharp V-notched
components was obtained and a simple approximate expression derived for easy application.

Key words: cohesive crack, duraliminum, fracture criterion, fracture mechanics, PMMA, PVC, steel, V-notch.

1. Introduction

Notches in structural components give rise to localized stress concentrations which, in brittle
materials, may generate a crack leading to catastrophic failure or to a shortening of the
assessed structural life.

The importance of this problem has stimulated analysis and computations of the strain
and stress fields in the V-notch tip region. To appreciate the work done in this area it suffices
to look at recent papers by Strandberg (1999), Lazzarin (Filippi et al., 2002; Lazzarin et al.,
2001), Seweryn (Seweryn and Lukaszewicz, 2002), Guo (Li and Guo, 2001; Guo, 2002) or
Chen and Ushijima (2000) – to quote only a few – and references therein.

Fracture criteria for elements with V-notches is a different matter. A realistic modelling
of the damage around the V-notch tip has proven very difficult and is strongly dependent on
the microstructural aspects of each material. Therefore, fracture criteria are based on crit-
ical values of some macroscopic stress, strain or displacement fields, on non-local averaged
parameters, or on educated assumptions (such as minimizing strain energy density). Good
recent reviews of this subject have been published by Strandberg (2002) and Seweryn and
Lukaszewicz (2002), where criteria based on strain energy release, strain energy density,
critical stress at a certain distance and critical mean functions are considered.

When dealing with brittle, or quasi brittle materials – where linear elasticity can be applied
– the stress and displacement fields near the tip of sharp V-notches can be characterized by the
generalized stress intensity factor, KV , which is a function of the V-notch angle. By analogy
with cracked specimens, a fracture criterion based on critical values of the generalized stress
intensity factors can be stated, i.e., a crack will propagate from the tip of a notch when the
actual value of the generalized stress intensity factor reaches a critical value (Gradin, 1982;
Carpinteri, 1987; Knesl, 1991; Seweryn, 1994; Dunn et al., 1997). The critical value of the
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generalized stress intensity factor KV
C , of each V-notch angle, has to be obtained through

experimental measurements on very sharp notched samples, frequently an involved procedure.
The purpose of this paper is to investigate the suitability of this fracture criterion for a

wide range of brittle, or quasi brittle materials, whose fracture behaviour can be adequately
modelled using the cohesive crack concept (Elices et al., 2002). It will be shown for these
materials that:

– Critical values of the generalized stress intensity factor, KV
C , can be obtained with little

computational effort, from the knowledge of elastic parameters and the softening func-
tion.

– Critical values of the generalized stress intensity factor, KV
C , computed using the cohesive

crack concept are in good agreement with experimental results – from other authors – for
different types of materials: steel, aluminum, PMMA and PVC.

– A non-dimensional formulation of the fracture criterion for sharp V-notched samples
– the same for the whole family of materials with the same softening function– was
obtained and a simple approximate expression derived for easy application.

2. Computation of critical values of generalized stress intensity factors

As already mentioned, critical values of the generalized stress intensity factors are obtained
experimentally. Tests are performed on sharp V-notched specimens and the critical loads are
measured. From these results the generalized stress intensity factors are computed. These
notches have to be very sharp (usually the tip notch radius is less than 10 microns). Different
angles, in the range from 0◦ to 180◦, have to be tested and quite often different geometries are
advisable when scatter appears. All these procedures may become cumbersome.

When cracking can be modelled using the cohesive crack concept, critical stress intensity
factors can be computed, provided the softening function is known. Clearly, the parameters
characterizing the softening function have to be measured. In the simplest approach, the spe-
cific fracture energy (or the fracture toughness) and the cohesive tensile stress are the needed
parameters. Although in some circumstances these measurements may become involved, the
problem is then limited to a computational one for each geometry and notch angle.

The V-notch problem for linear elastic materials was first analized by Williams (1952) by
means of an eigenfunction series expansion and later by England (1971) using complex poten-
tials. More recently, solutions valid for cracked and notched components have been published
by Seweryn and Molski (1996) by Lazzarin and Tovo (1996) and by Filippi et al. (2002).
These last approaches were based on complex stress functions, according to Muskhelishvili’s
method. It was shown that for mode I loading, the first term is always singular, and that the
stress distribution at the notch tip can be described as

σij (r, θ) = KV
I√

2πr1−λ
fij (θ, λ), (1)

where r and θ are the polar coordinates (as shown in Figure 1), KV
I is the generalized stress

intensity factor, λ is a function of the notch angle, defined below, and fij a function of the
polar angle and, implicitly, of the notch angle.

The parameter λ characterizes the strength of the singularity and is the root of the equation,

sin(λβ) + λ sin(β) = 0 (2)
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Figure 1. Coordinate system and symbols used for V-notches.

Figure 2. Values of λ as a function of the V-notch angle.

in which β = 2π − α. Figure 2 shows the values of λ as a function of the notch angle (α).
When the stress distribution is known, the generalized stress intensity factor can be com-

puted from the equation,

KV
I = √

2π lim
r→0+[r1−λσθ(r, 0)] (3)

which may be considered a definition of KV
I (Gross and Mendelson, 1972).

In the limit, when α → 0◦ and λ → 0.5, Equation (1) reduces to the well-known crack
tip stress field, and KV

I coincides with the standard stress intensity factor KI of fracture
mechanics.

The generalized stress intensity factor KV
I for sharp V-notches can also be computed us-

ing a path independent integral, according to Carpenter (1984), Atkinson et al. (1988) and
Strandberg (1999). This is the procedure chosen for this paper. The integral can be written as∫

C

(σij ûi − σ̂ijui)njds = KV
I F (α,E, ν), (4)

where σij and ui are computed stresses and displacements, σ̂ij and ûi are auxiliary fields
associated with – λ (see Atkinson et al., 1988), nj are the components of the normal vector
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Figure 3. Stress distributions near the tip of a V-notch beam according to linear elasticity and the cohesive crack
model.

directed outwards from the integration path C which encloses the V-notch, and E and ν are
respectively the Young modulus and the Poisson’s ratio of the material.

From Equation (4), provided that the height to width ratio of the specimen is large enough,
one can write the following expression for the generalized stress intensity factor (Carpinteri,
1987; Strandberg, 1999).

KV
I = σND1−λf (α, a/D), (5)

where σN is a nominal stress, D a geometrical dimension of the specimen (usually, speci-
men depth), a the notch depth, and f (α, a/D) a dimensionless function that depends on the
considered geometry.

In this paper, we have chosen the following values for the nominal stress:

σN = P/BD for tension specimens, (6a)

σN = 3PL/2BD2 for three point bending specimens, (6b)

σN = 3P(L − L′)/2BD2 for four point bending specimens, (6c)

where P is the load and L, D and B are respectively the length, depth and thickness of the
specimen, and L′ is shown in Figure 3.

The critical generalized stress intensity factors (when using the cohesive crack model) were
computed from Equation (5), by the following procedure:

Critical nominal stresses, σN , were derived from (6), where critical values of P were
computed using the finite element method, performing the calculations with the commercial
programme Abaqus, version 6.1 (Abaqus, 2000). The size of the element decreases near the
tip of the notch, and a band of 100 special elements was placed in the ligament ahead of
the notch, whose size was equal to that of the specimen divided by 11 200 (for a beam of
depth D = 28 mm, the size of these elements was 2.5 microns). The special elements in the
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Table 1. Shape factor for V-notched specimens for a/D = 0.5

Angle TPB specimens FPB specimens SENT specimens DENT specimens

0 1.767 1.145 3.539 0.9697

20 0.9747

30 1.775 3.567

40 0.9981

60 1.857 3.755 1.049

80 1.146

90 2.118 1.410 4.296

100 1.311

120 2.770 5.638 1.585

140 2.251 2.055

150 4.483 9.072

155 2.874

160 2.936

cohesive zone were of the bar type with a relation between the force transmitted among the
nodes and their displacement given by the softening function. (For further details see Gómez
et al., 2000; Planas et al., 1999). Bulk elements were conventional; plane strain and linear,
with four integration points.

The dimensionless functions, f (α, a/D) can be extracted from the computations, previ-
ously mentioned, but in this paper they were taken from the literature. For example, Table 1
shows values of the shape factor f (α, 0.5) for the considered geometries: for three point bend-
ing (TPB) specimens, values were taken from Gross et al. (1972), except for the 150◦, com-
puted by the authors. For four point bending (FPB) specimens, the values are from Grenestedt
et al. (1996). The values of single-edge notched tension (SENT) specimens are from Strand-
berg (1999) and those of double-edge notched tension (DENT) specimens are from Seweryn
(1994).

In Figure 3, stresses according to the cohesive crack model are compared with the first term
of the eigenfunction expansion Equation (1). This particular example corresponds to a notched
beam loaded at four points with α = 90◦ and a/D = 0.5. Computations were performed for
PVC samples.

3. Validation of the approach based on the cohesive model with experimental data

To check the suitability of this approach, critical values of generalized stress intensity factors
computed from the cohesive crack model were compared with experimental values, obtained
by other authors, with PMMA, PVC, steel and aluminium.

To this end, we looked into the literature for experimental results with V-shaped notched
specimens with two requirements: brittle fracture and sharp notches.
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Table 2. Characteristic values for PMMA

E (MPa) σt (MPa) GIC (N m−1) Reference

2300 124 393 Dunn et al. (1997)

3000 104.9 115.7 Seweryn (1999)

3.1. PMMA SAMPLES

Polymethyl-methacrylate (PMMA), an amorphous glassy polymer, is a relatively homogen-
eous isotropic medium that exhibits brittle fracture behaviour, even at room temperature,
when tested with cracks or sharp notches. Dunn et al. (1997) performed a complete series of
tests with three-point bending (TPB) specimens. Seweryn (1994) also performed tests using
double-edge notched tensile (DENT) specimens of PMMA. The values of the critical stress
intensity factors KV

IC from these experiments are drawn in Figures 4a and 4b.
Values of computed KV

IC , based on the cohesive crack model, are also shown in Figures 4a
and 4b. The softening function assumed for the cohesive elements was the simplest one: a
rectangular curve. The two parameters needed were the specific fracture energy, GIC , and the
cohesive tensile strength, σt . Outside the cracked zone, PMMA was modelled as linear elastic
material. The values of GIC and σt , shown in Table 2, are taken from the quoted references.

The agreement between experimental and predicted values of KV
IC is very good. In Fig-

ure 4a, experimental results by the authors, from two different geometries (TPB and SENT),
are included to remark that critical values of KV

I are only a function of the V-notch angle
and not of specimen geometry. (These results are drawn in Figure 4a because our PMMA
parameters were more similar to Dunn’s results than to those of Seweryn).

3.2. STEEL SAMPLES

Strandberg (2002) tested V-notched samples of annealed tool steel, AISI 01, at −50 ◦C.
Single-edge notched tension and three-point bend specimens, with notch angles ranging from
0◦ to 140◦ were used, and the maximum loads recorded. From these values, critical generalized
stress intensity factors were deduced and are plotted in Figure 5.

To reproduce numerically these experimental results with the cohesive model, the follow-
ing inputs, according to Strandberg (2002) data, were used for the steel:

– The bulk was modelled as an elastoplastic material,

ε = σ/E if ε ≤ εy, (7a)

ε = σ/E + ε0[(σ/σy)
n] if ε > εy, (7b)

where εy is the strain at yielding, σy = 501 MPa, E = 205 GPa, n = 6.6 and ε0 =
0.0027.

– The cohesive behaviour was modelled with a rectangular softening function, with σt =
1170 MPa (from a tensile test where necking was considered) and with GIC = 12 kN m−1

(computed from GIC = K2
IC/E′, where KIC = 52 MPam1/2, and E′ is the generalized

elasticity modulus for plane strain with Poisson coefficient ν = 0.3).



A fracture criterion for v-notched samples 169

Figure 4. Experimental and predicted critical values of KV
I

in PMMA.

Numerical predictions are also shown in Figure 5. Agreement between computed and
measured critical values is quite good in both types of samples (SENT and TPB), particularly
as all the predictions were made from only two parameters (σt and GIC) obtained from two
independent tests.

3.3. PVC SAMPLES

Grenestedt et al. (1996) tested V-notched samples of expanded PVC foam of different densit-
ies: Divinycell H80, H100, H130 and H200, in which the numbers refer to densities in kg m−3.
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Figure 5. Experimental and predicted critical values of KV
I in steel (at −50 ◦C).

Figure 6. Experimental and predicted critical values of KV
I in PVC.

Experiments were performed at room temperature on notched specimens loaded on four points
(FPB), with notch angles of 0◦, 90◦, 140◦ and 155◦. Maximum loads were recorded in all
the experiments and the critical generalized stress intensity factors computed from them are
plotted in Figure 6.

To compute KV
IC for PVC using the cohesive model, the following inputs, according to

Grenestedt et al. (1996), were used:
– The bulk was modelled as a linear elastic material whose Young modulus E is given in

Table 3, according to the manufacturer Divinycell (2002).



A fracture criterion for v-notched samples 171

Table 3. Mechanical properties of expanded PVC foam

Material E (MPa) KIC (MPam1/2) GIC (N m−1) σt (MPa)

H80 85 0.14 210 2.51

H100 125 0.26 470 4.02

H130 175 0.34 610 5.70

H200 310 0.57 930 9.38

Figure 7. Experimental and predicted critical values of KV
I

in duraluminum.

– The cohesive behaviour was modelled using a rectangular softening function, with σt and
GIC values as shown in Table 3. Cohesive tensile strength (σt ) and fracture toughness
(KIC) were measured by Grenestedt et al. (1996) through two independent tests. GIC

values were computed from GIC = K2
IC/E′, where E′ is the generalized modulus and

ν = 0.32.
Numerical predictions together with experimental results are shown in Figure 6 for the

four grades of expanded PVC foam. Once again, very good agreement was found between
experimental critical values and numerical predictions based on the cohesive model.

3.4. ALUMINIUM SAMPLES

Seweryn (1994) tested double-edge V-notched tension (DENT) samples made of duralu-
minium. The notch wedge angles were 20◦, 40◦, 60◦, 80◦, 100◦, 120◦, 140◦ and 160◦. The
wedge angles were found to be accurate to within 5◦. The notch corner radii were smaller
than 0.01 mm for all except the 20◦ notch samples. Critical values of the load under which a
crack begins to propagate from the notch vertex were recorded and from these values critical
generalized stress intensity factors were computed. These results are plotted in Figure 7.
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To reproduce numerically the experimental results with the cohesive model, the following
inputs, according to the Seweryn (1994) data, were used:

– The bulk was modelled as a linear elastic material, with Young modulus E = 70 GPa.
– The cohesive behaviour was modelled using a rectangular softening function, with σt =

705.27 MPa and GIC = 365 N/m. GIC was computed from GIC = K2
IC/E′, as always.

Numerical predictions are also shown in Figure 7. Once again, agreement between com-
puted and measured critical values was quite good, adding further support to this procedure.
Notice that although Seweryn realized that the fracture was not brittle, the good agreement
between our computed values and the experimental results suggest that plasticity was well
contained around the notch neighbourhood.

4. A non-dimensional formulation of the fracture criterion

The generalized stress intensity factor KV
I , as defined in (2), is endowed with an odd di-

mensionality that depends on the notch angle α: When α = 0, i.e., when dealing with a
crack, λ = 0.5 (see Figure 2) and KV

I becomes the well known stress intensity factor of
Fracture Mechanics KV

I , measured in Pa m1/2. At the other end, when α = π , λ = 1.0, and,
according to (2), KV

I is equal to
√

2πσt , and is measured in Pa. This prompted us to look for
a nondimensional formulation by dividing KV

I by KIr
0.5−λ, where r is a suitable length.

Inside the frame of cohesive crack models, the natural choice of a length is the character-
istic length:

lch = EGIC

σ 2
t

. (8)

This length is an inverse measure of the brittleness of the material (the smaller the lch the
more brittle the material). It is also related to the size of the fully developed fracture process
zone (the size under peak load of the fracture process zone ahead of a semi-infinite crack in
an infinite body).

To check the suitability of this nondimensional parameter, i.e.:

KV
IC

KICl0.5−λ
ch

≡ K
∗,V
IC , (9)

all the experimental results from PMMA (Dunn et al., 1997), steel (Strandberg, 2002), PVC
(Grenestedt et al., 1996) and duraluminium (Seweryn 1994) are redrawn in Figure 8. All of
them follow a common trend, in spite of the wide range of KIC values considered: from
0.14 MPa m1/2 of the PVC to 52 MPa m1/2 of the steel.

Critical values of the nondimensional generalized stress intensity factor, K
∗,V
IC , were also

computed on the basis of the cohesive crack model with the assumption of a rectangular
softening curve. Surprisingly, nondimensional curves for PVC, PMMA, aluminium and steel
merged into one curve. This curve is also shown in Figure 8 and fits quite well the experimental
data.

Generalization of these results involves certain considerations. One is that the simple
softening curve – the rectangular one – is not necessarily the most accurate, although with the
materials discussed in this paper it works quite well. Linear elastic behaviour was assumed and
only sharp V-notches were considered. Rounded V-notches and the appearance of plasticity
will shift the ideal predictions.
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Figure 8. Critical values of the nondimensional generalized stress intensity factors: experimental results and
theoretical predictions based on the cohesive model.

Figure 9. Accuracy of Equation (9) in comparison with numerical results.

To help in simple estimations of the brittle fracture loads in sharp V-notched components,
an approximate expression for the nondimensional critical generalized stress intensity factor
– in the range 0◦ ≤ α ≤ 160◦ – can be written as:

K
∗,V
IC = 1 + 0.038393α2 − 0.027857α3 + 0.024207α4. (10)

The accuracy of this formula as compared to the computed one, based on the cohesive
model, is shown in Figure 9. The error, computed as ((Equation (9)-computed)/computed, is
less than 1% in almost all the angles considered. Nonetheless, the precautionary remarks on
its applicability, already mentioned, should be taken into account.
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