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ABSTRACT

We use recently evaluated radiative and nonperturba-
tive corrections to production of heavy quarks by a vector
current to give very precise theoretical calculations of the
high energy (f1/2 > jî GeV) imaginary part of the photon
vacuum polarization function, Imllfij. This allows us to
improve the corresponding contributions to the muon (or
any other lepton) g - 2 anomaly and to the running QED
constant on the Z, ãSED(Mz}. This decreases the error in the
evaluations by a factor between two and six for the high
energy contribution, and by some 50% for the overall re-
sult. We find for the hadronic contributions ah - 7113.4 ±
102.5 x IO'11 and Aa,, = 289.42 ± 4.35 x IO'4.
14.40. Gx, 12.38.Bx, 12.38.Lg, 12.30.Gd.

I. INTRODUCTION

There has been recently a renewed interest (1) on two
basic quantities, both related to the photon vacuum polar-
ization: the hadronic contribution to the anomalous mo-
ment of the muon, aß, and the running QED charge ã
defined at the Z particle pole. In what respects the first, the
reason is the advanced status of the experiment planned at
Brookhaven which should improve the present accuracy by
more than one order of magnitude; in what respect the
second, because the quantity aQED(M%}, plays a leading
role in precision determination of electroweak parameters.

In this paper we consider the contributions of the
hadronic part of the photon vacuum polarization tensor to
a^ and aß£D(Afl), that we write respectively as

af, Aah(had, Ml] (1.1)

These quantities may be expressed in terms of the
photon hadron vacuum polarization function H/,. One can
then write a dispersion relation for this function in such a
way that the experimentally accessible quantity

<j\e+e —> r* —» hadrons]p f t \ _ V '_ ¿

<r(eV -> /i+/r)

appears instead of H/, •'

a,,= a(?(had) = \"^dtR(t) K(t\

(1.2)

(1.3)

A«. „ A^M Mi}- - ̂  J4> -j-^Lj. (1.4)

Here,

K(t) = ?Sf- fdz
W 37T2f Jo

z*(l-z)
Z2+ (l-z)i/m; (1.5)

The reason why we think we can improve on existing
estimates of ah, Aah is that we may use the very reliable
theoretical QCD calculations1 that have been extended with
great precision to regions previously unaccessible; in par-
ticular (3) to the regions right above threshold for heavy
quark production (cc, bb^ as well as the very low (t1/2 ~
1.2 GeV) energies. The extensions have been possible be-
cause of the high orders attained by the QCD calculations
(4) and the use of the precisely known value of a, on the
x mass (5),

a,(m2
r) = 0.3310.05. (1.6)

Likewise, the use of the value (6) of as at the Z,

* Research partially supported by CICYT, Spain.

1 The fact that QCD calculations are more precise than the use of
experimental data was already noted in e.g. Ref. (2).
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as(Ml] = 0.119 ± 0.003, (1.7)

allows us to reduce still further the uncertainties in the
high energy regions.

II. CONTRIBUTION FROM THE REGION t"2 <
1.1 GeV

In the region t1'2 < 1.1 GeV, perturbative QCD is clear-
ly invalid. One thus has to rely on experiment, supple-
mented by old-fashioned hadron theory. The region may
be further split into the p resonance region (say, i!/2 < 0.8
GeV) and the rest. For ah we have,

ah(t
lfl < 0.8) = (4821 ± 24 ± 27) x 10~n + (25 ± 3) x IO"11.

(2.1)

Here the second term in the r.h.s. is the co - p interfer-
ence contribution. The first error is statistical; the second
(when given) will be the systematic one. Eq. (2.1) presents
the value reported in Ref. (2); other authors give compat-
ible estimates. We will improve on (2.1) slightly later on.

To this one has to add the contribution of the region
0.8 < t l f l < 1.1. which gives, using experimental data only,

ah (0.8 < tm < 1.1) = (1100 ± 94) x IO'11. (2.2)

This region, about which little can be done at present,
presents the largest source of error. Combining Eqs. (2.1)
and (2.2) we have,

ah (t
m < 1.1 GeV) = (5947 + 97 ± 27) x IO'11. (2.3)

For Aa,,, we have, taking the analysis of the first article
in Ref. (l),

Act,, (tm < 1.1 GeV) = (35 + 0.3 + 0.7) x IO'4. (2.4)

The contribution of the region 1.1 < tm < 2 GeV is the
topic of next section.

III. CONTRIBUTION FROM THE REGION
1.1 < tm < 2 GeV

From a theoretical point of view, the contribution of
this region presents a challenge, because one cannot use
perturbative QCD reliably, and also because old-fashioned
hadron theory does not describe very well the average
experimental data points. In this section, we explain how
one can combine these two theories and give reliable the-
oretical estimates, which can then be compared with pre-
vious estimates based on experimental data only (1):

(3.1)

a,f(l.l < f1 / 2< 42GeV) = (278 ± 25) x l(r",

Aa,7(l.l < f1 /2< JÏGeV} = (13 ± 0.15 ± 0.8) x 10"

Let us first estimate the contribution of this region to
R(t) using perturbative QCD only: R(t) may be split as a
sum over light quark flavors:

R(t] = SX» <3-3)
q=u,d,s

and one may use the very precise high energy result for
W):

O) £N«4 - f ̂ )2+ \ d-^ [f+f 0-*>] ̂

l L _!_ _ iWv/1 S2L + Jf^fSLY
.2 I 1-v 8 j V '\ n 2 U J U;

*i«-"4«®Mf

Here,

(3.4)

= ^\-4m2(t)/t, r2= 1.986 - 0.115n/( CF= 4/3,

f3 = -6.637 - 1.2 n, - 0.005 n] - 1.24 £ß,

(3.5)

and m(t) and a.s = ocs (t) are the running mass and coupling
constant which we may take to two loops[?I. The justifica-
tion of this approximation lies in the fact that the light
quarks are relativistic at these energies. Numerically, we
take mu = md = 0, and use (7)

ms(lGeV2} = 0.19 GeV.
(3.6)

(3.2)

The result RQCD(Í) obtained in this approximation is
plotted in Fig. 1 together with some experimental points.
Although the experimental errors are large, it is clear that
our curve RQCD will not give a reliable estimate. Before we
explain how this can be improved, let us first describe
another approximation for R(t) based on old-fashioned
hadron theory.

To do this, we evaluate the contribution of the individ-
ual channels, in the quasi-two-body approximation. Thus,
we have the two-body channels n+n~~, K+K~, K° K°, and the
quasi-two-body channels p+7t", p"n+, p°7t°, p°r), con0, <j>07t°,
ft), K*°K°, F+K-, K*-K+.

The contribution of the first is estimated using the
corresponding form factors, p or <|> dominated: we obtain

AR(t)—= \F*(tÍ\ 1-̂  + \F«(<i\ l-1^

(3-7)
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Figure 1. Interpolating curves for R(t) in the region
1.1 < tm < J2 GeV.
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Note that we have combined the contribution coming
from both K+K~ and K° K°, into the function FK.

The quasi-two-body channels contribution to R(t) is
estimated in the vector-meson dominance approximation.

Atf(f)'
puasi-2-botly _ V"1 M.̂  ~* ""J

~ w-,...r(y*^M>-)'
(3.8)

Using the phenomenological interactions

Lyf= gvpe^F^r, (3.9)

one can relate this to the radiative decay widths,

-imlT(V^>yP) \t-(mv + mpf\ \t-(mv -mf)
2]'

v.p^f.... aQED(m2
v - mp)1 t"2(t - 4m¿)3/2

The decay widths are taken from experiment. The re-
sult /?(i)two-body we obtain in this approximation is also plot-
ted in Fig. 1. It unfortunately does not represent an average
of the experimental points. To bring these approximations
closer to experiment, we construct the following interpola-
tion curve which reproduces both evaluations in their rang-
es of validity: we note note that QCD works at the higher
energies, and the old-fashioned hadron evaluation at the
lower energies. Then,

RM(t) = *««,-«/^H5/V5i0
5) + /WO[l-^HV^°5)}

tln = 1.25, 1.3, 1.35 GeV.
(3.11)

The point t0 is chosen to fit experiment. These curves
are drawn in Fig. 1 (solid curves) and represent a signifi-
cant improvement from what we had previously. The nu-
merical results obtained with these interpolation functions
are:

a,,(l.l < tm< -j2CeV] = (265 + 22) x IO"11,

Aa„(l.l < tm< JÏGeV] = (15.3 ± 1.4) x IO"4.

The central values have been obtained using
^('S'2=i.3 cev)^ anc[ (.fje systematic errors have been estimated

from the difference
/;/2=1.3 OeV)

-R
tf*=l.3S GeV}

(These errors

are in our opinion over-estimated and should in principle
be reduced. We will however not do that here). Comparing
the numbers given in Eqs. (3.12, 3.13) with those given in
Eqs. (3.1, 3.2) we see they agree, within errors. We how-
ever believe our evaluation to be more reliable than those
estimates which were obtained using experimental data
only, because of the known existence of large systematic
errors of the last.

IV. CONTRIBUTION FROM THE REGION
í > 2 GeV2

For í > 2 GeV2, we distinguish two different contribu-
tions. The first is due to the /A)/ and Y bound states and the
results can be taken from the first article of Ref. (l):

a/I(7A|/) = (86 ± 4.1 ± 4) x IO'11, (4.1)

¿z,,(Y) = (1 ± 0 ± 0.1) x IO'11, (4.2)

Aa;,(y/\i/) = (11.34 ± 0.55 ± 0.61) x IO'4, (4.30

Aoc,,(Y) = (1.18 ± 0.05 ± 0.06) x IO'4. (4.4)

The second contribution comes from the continuum
regions, i.e. the regions above q q thresholds. As before,
we split R(t) as

R('i = 5XW-
q=it,d,s,c,b,t

(4.5)

For the light quards u, d, s, only the high energy region
needs to be considered; the corresponding expression for
R was given in Eq. (3.4)2. For the heavy quarks, c, b, t, we

2 In the region 2 GeV1 < t < 9 GeV2, we use perturbative QCD as
well because we believe theoretical estimates are as precise as (if not
more precise than) estimates based on experimental data. The latter are
known to have large (of the order of 10%) errors as explained in the very
detailed analysis of Ref. (8).
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also need the value of Rq for small and intermediate veloc-
ities. At low energy, the value of Rq is known with great
precision (3):

« + r ^ + 3 îc j r ^a
R'*'(t) -gNc$} 2 , ^ x , 4 j~i-.,[|. -ynrfj

=[i^w]^§afe.\-e-

= ̂ ^7t, «,= «.(o[i + a' + ^0/2«xo|

a, =
36

where

_ ftg.(0
c°w ,.-, ,,_ka«l 47T

fa
/1/2a , „ (faz)2 (fea)4

1 - 2vr + -—'— + ±—'— + ...
12 40

k = mv, a = 2/mCFas(t).

An exact expression for c0(t) (which represents the
radiative corrections) may be found in Ref. (3). Eq. (4.6)
includes also nonperturbative corrections with
{c^G2} = 0.042 ± 0.020 GeV\ and the evaluation is valid
until these are of order unity, i.e., down to a critical veloc-
ity

(2x(a,G2y
Vcr" ~ 192A,«in«T (4.7)

For the heavy quarks, we find it more convenient to
reexpress the m in terms of the pole masses m: one has (9)

i +
Aa,(t] - (Cr-A)a,(m2

A s A „ ,„ 38 202 20
^ , 7o = -4, A = 102 n,, YÍ = + — n f ,ßl /0 Fl 3 /• " 3 g f

(4.8)

with the values of the pole masses given in Ref. (10)

mc = 1570 ± 60 MeV, mb = 4906 ± 85 MeV, (4.9)

and we take (11)

m, = 180 ± 12 GeV. (4.10)

A crude estimate can now be obtained if one uses for
R (t) (q = c, b, t) the following approximation:

P(')M-K' '/"«*< "< 1 / 2TO = R^ if v > 1/2

(4.11)

The expression is however discontinuous at v = 1/2. To
obtain a smooth joining of the low and high energy re-

gions, we can use the following two interpolation curves
for Rq (t):

R(
q"\t) = (l-v)R!

q
e-+vR>;<; (4.12)

/?('">(,) = (l-v3)/^ + vX"-. (4.13)

We consider R^ to be a very reasonable approxima-
tion, and take the difference between R(UIJ"Î as an esti-
mate of the systematic error due to interpolations. We also
take into account the error due to the input parameters
us(mj, ocs(Mz), and m¡, as well as the error due to the non-
perturbative contribution. The last is obtained by setting
(&SG/ = 0 in Eq. (4.6) and allowing the velocity v of the
heavy quarks to go to zero. Our best estimate for the con-
tribution of the regions in the continuum is:

a,, (continuum, tm > -¡2 GeV] = (826.4±7.8±9.8±8) x 10"",

Aa,,(continuum, tm > V2GeV) = (226.6 + 3.7 + 1 ± 1) x IO"4.

The first systematic error is due to interpolations, the
second is due to the error in que input parameters, and the
last is the non-perturbative one.

V. CONCLUSION

Besides using our theoretical estimates for the high
energy regions

tm> \.\GeV, -j2GeV (5.1)

for ImII(t) an extra (slight) improvement may be incorpo-
rated if we repeat the dispersive analysis of Ref. (2) in the
p region using recent data. The reason for this improve-
ment is the following: in that paper the p contribution to
(say) ah(t

m < 0.9 GeV), had been estimated from fits to the
pion form factor F„ alone (but both in the spacelike and
timelike regions) or imposing also the values of the rat
phase shifts. The first method gave mp = 768 MeV, the
second mp - 778 ± 2 MeV, both compatible (at the 2a
level) with the then preferred experimental value mp = 769
± MeV. Although, as explained in Ref. (2), the first meth-
od was considered more realiable, both were combined
taking the difference between the two determinations as a
measure of the systematic error of the calculation. Since
the presently accepted experimental figure, mp - 768.1 ±
0.5 MeV clearly discriminates in favor of the method based
on FK only, we can dispense with the (poorly known) nn
phase shifts and avoid the systematic error. We need only
alter the evaluation by taking into account the change in
the accepted value for the p width, Fp = 151.5 ± 1.2 MeV
from that used in Ref. (2), 158 MeV (compatible with the
1985 experimental value, Fp = 154 ± MeV but not with the
presently preferred one). To first order this is easily taken
into account as a variation AT/nmp = -0.27 %.
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The results are summarized in the following tables
where we also report, for purposes of comparison, the eval-
uations of the first (EJ) and third (MZ) papers of Ref. (l).
We have composed quadratically statistical and systematic
errors: there are so many of the last, and of such varied
origins, that they may be taken to behave statistically on
the average. For the muon anomaly we have,

ah(t
m< A/2) = 6200.0 ± 101.4 x IO"11 (This work)

ah(t
m < A/2) = 6342.3 ± 137.7 x IO'11 (EJ, Ref. (1)

and

a,,(tm > A/2) = 913.4 ± 14.9 x 10"" (This work)

ah(t
m > A/2) = 908.2 + 77.1 x 10"11 (EJ, Ref. (l))

with the overall results

ah = 7113.4 ± 102.5 x IO'11 (This work)

ah = 7250.4 ± 157.6 x IO'11 (EJ, Ref. (1)).

which agree within the quoted error.

For the running QED coupling, one has

Aa,,(i1/2> A/2~) = 50.3 ± 1.6 x 10^ (This work)

Aa,,(z'/2 > A/2) = 47.92 ± 1.06 x IO"4 (EJ, Ref. (1))

and

Aa,,(f1/2> A/2") = 239.12 ± 4.1 x IO"1 (This work)

Aa,,(i1/2 > A/2~) = 232.45 ± 6.45 x IO"4 (EJ, Ref. (1))

and now the full results are

Aa;, = 289.42 ± 4.35 x IO"1 (This work)

A«,, = 280.37 ± 6.54 x IO"4 (EJ, Ref. (1))

Oral value for Aa,, is slightly higher than that of Ref.
(1) (EJ), but deviates at the 3-4 a-level from that given by
the third article of Re. (1):

Aa;, = 273.2 ± 4.2 x IO"1 (MZ, Ref. (1)).

The discrepency between our result and that of MZ
(Ref. (1)) for the region tm > ^/2 is> in our opinion, due
to our use of the «exact» result for E!q

e near threshold, Eq.
(4.6), which sums all soft, Coulomb-like gluonic contribu-
tions; this «exact» result is also known (12) to be about a
factor two larger than the approximate two loop result.

We conclude this paper with a few comments on pos-
sible ways to improve the results. Certainly, better knowl-

edge of as both on the t and Z masses would increase the
precision of the high energy evaluations; but most of the
error comes from the region 0.8 < tm < ^2 GeV. Even a
modest improvement of a factor two in the error in the
region between 0.8 and 1.1 GeV would result in a substan-
tial decrease, roughly by the same amount, of the overall
error for aft, and about 20% for AaOED This emphasizes
the interest of some of the accelerators, projected or in
construction, with the capability to explore these energy
ranges.

REFERENCES

1. Eideman, S. &Jegerlehner, F. (1995) PSI-PA 95-1. Swartz,
M.L. (1995) SLAC-PUB-6710. Martin, A.D. & Zeppenfeld
(1994) MAD/PH/855.

2. Casas, J.A. , López, C. & Ynduráin, F.J. (1985) Hadronic con-
tributions to the g-2 of the muon. Phys.Rev. D 32, 736-742.

3. Adel, K. & Ynduráin, F.J. (1995) Production of heavy quarks
close to threshold, Phys. Rev. D 52, 6577.

4. Chetyrkin, K.G. & Kühn, J.H. (1990) Mass corrections to the
Z decay rate Phys Lett. B 248, 359-364.

Gorishny, S.G., Kataev, A.L., Larin, S.A. & Segurladze, L.R.
(1991) Scheme dependence of the next-to-next-to-leading QCD
corrections to rtó/ (í7°—>hadrons),hadrons) and the spurious
QCD infrared fixed point. Phys.Rev.D 43, 1633-1640.

Dine, M. & Sapirstein, J. (1979) Higher-order quantum chro-
modynamic corrections in e+e- annihilation. Phys. Rev. Lett.
43, 668-671.

Celmaster, W. & Gonsalves, RJ. (1980) Analytic calculation
of higher-order quantum-chromodinamic corrections in e+e- an-
nihibition. Phys. Rev. Lett. 44, 560-564.

Gorishny, S.O., Kataev, A.L. & Larin, S.A. (1991) The O (a3
s)

corrections to a,0, (e
+ e~ —> hadrons) and F (x~ —> VT+ hadrons)

in QCD. Phys. Lett. B 259, 144-150.

5. Pich, A. (1994) Invited talk at the QCD Workshop, Montpel-
lier, hep-ph / 9412273.

6. (1994) Particle data group. Phys. Rev. D. 50, 1175.

7. Ynduráin, F.J. (1993) The theory of quark and gluon interac-
tions. Ed.: Springer, Berlin.

8. Marshall, R. (1989) A determination of the strong coupling
constantes ocs, from e+ e~ total crass-section data. Z. Phys. C.
43, 595-606.

9. Coquereaux, R. (1981) Quark masses and renormalization -
scheme dependence in quantum chromodynamics. Phys. Rev.
D 23, 1365-1374. Gray, N., Broadhurst, D.J., Grafe, W. &
Schilder, K. (1990) Three-loop relation of quark MS and pole
masses. Z. Phys. C 48, 673-679.

10. Titard, S. & Ynduráin, F.J. (1994) Rigorous QCD evaluation of
spectrum and ground state properties of heavy qq systems,
with a precision determination of mb, M(T|b). Phys. Rev. D 49,
6007-6027. Titard, S. & Ynduráin, F.J. (1995) Rigorous QCD



118 Físicas y Químicas: K. Adel et al. Rev.R.Acad.Cienc.Exact.Fis.Nat. (Esp), 1998; 92

evaluation of spectrum and other properties of heavy qq sys- D.O.collaboration (1995) Observation of the top quark. Phys.
terns : bottomonium with n = 2, L = 0,1. Phys. Rev. D 51, Rev. Lett. 74, 2632-2638.
6348-6364.

12. Schwinger, J. (1973) Particles, sources and fields, Vol. II. De. :
11. CDF collaboration (1995) Observation of top quark production Addison-Wesley.

in pp collisions with the collider detector at Fermilab. Phys.
Rev. Lett. 74, 2626-2632.


