BIOLOGICAL
MEMBRANES

MECHANICAL PROPERTIERS OF BIOLOGICAL
PRACTICALLY TWO DIMENSIONAL MATERIALS




© Manuel Elices and Gustavo V. Guinea
Translated by John Morton.
The authors wish to express their appreciation to Dr. John Morton for his helpful collaboration on the translation.

Design and layout: Albatros Comunicacion, S.L.

Quedan rigurosamente prohibida, sin la autorizacion escrita del titular del Copyright, bajo las sanciones estableci-
das en las leyes, la reproduccion total o parcial de esta obra por cualquier medio o procedimiento, conocido o por
conocer, comprendidas la reprografia, el tratamiento informatico y la distribucion de ejemplares de ella mediante
alquiler o préstamo publico.



Index

CHAPTER 1. GENERAL CONCEPTS

1.1.

Introduction

1.2. Skin of mammals

1.3.

1.2.1 Structure
1.2.2 Mechanical properties
1.2.3 Final comments

Blood vessels

1.3.1 Structure
1.3.2 Mechanical properties
1.3.3 Final comments

1.4. Anemones and medusas

1.5.

1.4.1 Structure
1.4.2 Mechanical properties
1.4.3 Final comments

Natural armours

1.5.1 Evolution of armours

1.5.2 Composition and structure

1.5.3 Mechanical properties

CHAPTER 2. MECHANICAL PROPERTIES

2.1.

Introduction

2.2. Mechanical behaviour

2.3. Experimental techniques and charaterisation

2.2.1. Introduction
2.2.2. Strain and stress

2.2.3. Example: Homogeneous biaxial test
2.2.4. Example: Extension and inflation of a thin tube

2.2.5. Constitutive equations

2.3.1. Biaxial tensile tests
2.3.2. Pressure tests

2.3.3. Rupture by tearing test
2.3.4. Separation tests

© 00 N O o ;g

10
10
11
12
14
14
15
16
17
17
18
20

23
23
24
24
25
40
41
a4
49
50
52
57
64



M. Elices and G.V. Guinea

CHAPTER 3. EXAMPLES

3.1.
3.2

Introduction

Pericardium

3.2.1. Description

3.2.2 Mechanical behaviour
3.2.3. Applications

3.3. Aortic arterial wall

3.4.

REFERENCES

SUBIJECT INDEX

3.3.1. Introduction

3.3.2. Description

3.3.3. Mechanical behaviour

3.3.4. Application: Arterial hypertension
Elasmoid scales

3.4.1. Structure of elasmoid scales

3.4.2. Mechanical behaviour

3.4.3. Biomimetics: Flexible artificial armour

69
69
70
70
72
79
82
82
83
85
89
92
92
94
100

103

110



CHAPTER

1.1. Introduction

1.2. Skin of mammals

1.3. Blood vessels

1.4. Anemones and medusas

1.5. Natural armours

1.1. INTRODUCTION

The objective of this section is to outline the particular prop-
erties of biological materials which have two preponderant
dimensions —-those which characterise the surface rather
than the thickness—. In the previous section, dedicated to
fibres, there was only one relevant dimension —the length of
the fibre— which greatly simplified the mathematical treat-
ment in order to understand mechanical tests and to model
their behaviour. Bidimensional materials can be grouped into
two families; membranes and laminas. Laminas, due to their
small thickness, have a certain flexural rigidity while in mem-
branes this can be considered negligible. This is the case
with soft biological materials, which are always very flexible.

The analysis of bidimensional materials is more compli-
cated than that of fibres because, with the presence of the
additional dimension, there is often anisotropy; the material
behaves differently in different directions in the surface.

General concepts

The structure of these materials is essentially that of a
material composed of fibres embedded in an organic matrix.
Polysaccharide fibres form the leaves of plants (if the fibres
are cellulose) or the cuticles of insects (when chitin fibres
are used). The epithelia are constructed from polypeptide fi-
bres as are blood vessels, (with elastin and collagen fibres).
Therefore, the first chapter focuses on two important bio-
logical materials; the skin of mammals and blood vessels. A
detour into the membranes of marines creatures is made, be-
cause of their growing importance in the field of biomimetics.

An additional difficulty when materials are very flexible is
the mathematical treatment of the tensile state, because the
Hookean approximation is no longer valid and it is neces-
sary to define stress and strain tensors within the framework
of the theory of finite deformations. In order to familiarise
the reader with these new concepts, the second chapter
outlines the most important aspects of the kinematics and
stress state which are used to characterise the mechanical
behaviour of biological membranes. These concepts are nec-
essary for the understanding of the most common mechani-
cal tests used to characterise bidimensional biological mate-
rials, which will be described below. Some tests, are special
cases of more general tests developed for three dimensional
materials (such as fracture or indentation tests) and for this
reason they are only mentioned in passing, since they will be
covered in more detail in a later section.

In the third chapter two important bidimensional biologi-
cal materials in biomedical engineering are discussed in de-
tail; the pericardium and blood vessels.
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1.2. THE SKIN OF MAMMALS

Skin is the coating which totally covers the body of animals. It
is a tissue with multiple functions; it is the first defensive bar-
rier, it has sensors and excretory organs, and plays a critical
role in regulating body temperature and in containing fluids.
Furthermore, it is the source of several symptoms, some cor-
responding to specific skin diseases and others to internal
maladies which appear on the skin.

Skin is the defensive element that protects traumas, from
ultraviolet radiation, toxic agents and micro-organisms. Skin
plays a part in regulating body temperature by increasing or
decreasing the flow of blood reaching it. Sweat can also be
involved the thermoregulation, since when it evaporates it
takes away heat from the organism. Some nerve ends reach
the skin, terminating in tactile corpuscles which capture
heat or cold, or pressure or pain, information and transmit it
through the nervous system to the brain. The production of
keratin (keratinisation) hardens the outer layers of the skin
and contributes to replacement of its cells.

"The skin —despite being our largest and most visible or-
gan, despite us seeing and touching it, indeed living in it,
every moment in our lives— is the organ most overlooked by
the medical profession. Weighing nine kilograms and cover-
ing two square meters, skin wasn't even recognized as an
organ until the eighteenth century." (Lyman M. 2019).

Collagen fibres

Fig. 1. Structure of the skin of mammals..

1.2.1 Structure

In the skin of mammals it is possible to distinguish three
superimposed layers which, from outside to inside, are: the
epidermis, the dermis and the hypodermis (figure 1).

The epidermis is the outermost part. It is a thin epithe-
lium (in humans of a similar thickness to a sheet of paper)
composed of cells, keratinocytes, which are in a state of con-
tinuous renewal. Dispersed between these are the melano-
cytes, cells which produce melanin and the Langerhans cells
which have a defensive function. The epidermis has neither
blood vessels nor lymphatics, but does have nerve endings.
In the epidermis it is possible to observe four strata (see
the detail in figure 1): corneum, granulosum, spinosum and
basale or germinative.

The dermis is rich in blood vessels and lymphatics, and
has nerve endings which collect tactile sensitivities (Meiss-
ner corpuscles), the sense of cold (Kraus corpuscles) or pres-
sure (Pacini corpuscles). Sweat glands are situated in this
layer, the sebaceous glands and hair roots. The dermis also
contains collagen and elastin fibres which confer its strength
and elasticity, and defence cells.

The hypodermis is the deepest part of the skin. It is a
zone rich in fat tissue and acts like a cushion to protect the
organs beneath it.

The skin which covers the natural orifices of the organism
(mouth, nasal passages, etc.) changes its structure a little
when it passes into the interior and is called the mucosa. The
most notable difference between the structure of ordinary
skin and the mucosa is that these, under normal conditions,
lack keratinised layers, that is to say, its epidermis lacks the
corneum stratum and the granulosum.

Stratum

Corneum

Hypodermis
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1.2.2 Mechanical properties

The study of the mechanical properties of skin has centred
around the first two layers; the epidermis and the dermis
which, in a simplified form, can be modelled as follows: In the
epidermis, the superficial layer —the corneum stratum- is a
keratin membrane and the rest, the raw material of leather,
an amorphous material. The dermis is, roughly, a mat com-
posed of collagen and elastin fibres in a protein and polysac-
charide matrix (principally hyaluronic acid).

Later, some notable aspects of the mechanical behaviour
of human skin (epidermis and dermis) will be summarised in
relation to age; the variation of thickness and elasticity (Es-
coffier et al. 1989). Both properties are illustrated in figure 2.
The experiments were performed in vivo, on the ventral fore-
arms. The thickness is measured with ultrasonic techniques
and the elasticity determined from a torsion test, described
in the cited reference, which evaluates the recovery of skin
once the applied stress is removed. The elasticity was esti-
mated by means of the quotient of the instantaneous strain
after unloading, e, and the initial instantaneous strain, ¢, as
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Fig. 2. Variation of thickness and elasticity of human skin with
age (Escoffier et al. 1989).

indicated schematically in figure 2b. The results show that
skin maintains its thickness up to the 70s, while the elastic-
ity decreases progressively with age.

A study of the mechanical behaviour of the human epider-
mis is interesting not only for a knowledge of its resistance to
abrasion and penetration by foreign objects, but also due to
the increasing use of patches and adhesives for the admin-
istration of transdermal medication. For these reasons it is
important to know mechanical properties, in particular the ef-
fect of temperature and humidity on the adhesion strength of
the exterior layer of the epidermis; the stratum corneum. The
appropriate tests for this are delamination tests (which are
described in detail below). Figure 3 shows the delamination
energies and the stress necessary to separate the skin (from
in vitro tests performed by Wu et al. in 2006). The adhesion
strength (or delamination) (measured as the work required to
separate an area of 1 m?) decreases with temperature from
8 to 1 J/m? in totally hydrated specimens, while in those with
a relative humidity of 45% it is practically constant at about 3
J/m?2 (figure 3a). The adhesion stress falls with temperature
and hydration (figure 3b). The cited article also contains a
study of the influence of lipids on the mechanical properties,
finding that specimens in which the lipids have been partially
removed are more resistant.
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Fig. 3. Variation of the energy and adhesion stress with temperature
and humidity in the human epidermis (Wu et al. 2006).
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The effect of loading rate on the mechanical response
of skin is another issue that deserves attention. H.G. Vogel
studied the influence of the rate at which load was applied to
the skin of rats; the speeds went from very slow movement (5
- 103 cm/minute) the those which corresponded to free fall
from about 1 metre high (~3 - 10* cm/minute) (Vogel 1972).
The results of this study showed that the failure load and the
elastic modulus increased almost linearly with the log of the
strain rate, while the strain to failure was practically constant.
Vogel also investigated the effect of age and corticosteroids,
which were known to be two parameters that influenced the
mechanical properties.

The situation of the skin, in this case the dorsal or
ventral parts, also influences the mechanical properties. In
particular, many large herbivores have very thick areas of skin
for defensive purposes. R. Shadwick performed a detailed
study of the mechanical properties of rhinoceros skin, one of
the mammals with the thickest skin (Shadwick et al. 1992).
Skin from the back and sides of the white rhinoceros has a
very high rupture stress, 30 MPa, and a small failure strain
of about 0.24. As a result, the stress-strain curve is quite
steep, unlike curves for the epithelia discussed above, and
its average elastic modulus can reach 240 MPa. The fracture
toughness is of the order of 70 kJ/m?2. On the other hand, the
ventral skin, on the stomach, is weaker, less stiff and more
deformable; the average rupture stress is about 14 MPa and
the corresponding strain is about 0.33. The elastic modulus
lies at around 100 MPa.

Although rhinoceros skin is stronger and stiffer than
that of other mammals, it should be noted that the tear
resistance of the skin is small, or at least, it is not in keeping
with the tensile or compressive strengths. This observation
can be related to an adaptive advantage: In fights between
rhinoceroses, the horns can puncture or tear (scratch) the
skin, while the most frequent wounds produced are scratches,
which are less dangerous because punctures could cause
damage to internal organs. The design of the skin of these
animals improves survival by favouring tear breaks, and lead
to the end of the fight before more serious harm is caused.
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Z-plasty

Fig. 4. a) Langer lines
b) Traction curves. Greater stiffnesses are observed in the Langer directions
c) Z-plasty, a surgical technique to conceal scars

1.2.3 Comentarios

In a very simplified form, and in order to understand the
mechanical behaviour, it is possible to assume that the
principal components of the dermis of mammals are collagen
fibres, which are embedded into a soft tissue matrix. Collagen
fibres are naturally arranged in preferential directions in the
skin, which in the case of human beings are known as Langer
lines (figure 4a). The greater density of collagen fibres and
their alignment make the skin more rigid when subjected
to tension in the direction of the Langer lines, generating a
pronounced anisotropy (figure 4b). Scar formation induces
an accumulation of collagen fibre points and produces, as
experience confirms, a zone of much more rigid skin. Some
surgical techniques take advantage of the Langer lines in
order to conceal, as far as possible, the scars produced by
surgery, orienting the position of the suture (that is, the scar)
along the length of one of these lines. In this way the increase
in the stiffness due to the presence of the scar is masked
by the grater overall stiffness of the Langer lines. When it is
not possible, and the line of the suture crosses the Langer
lines, a technique known as z-plasty is used (figure 4c) in
which a Z-shaped scar is created, which is accommodated in
a possible Langer network.
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When embedded in a highly deformable matrix, the
position and orientation of collagen fibres change with the
deformation of the tissue. The gradual take up of load in
these fibres is responsible for the J-shaped stress-strain
curves. As a result, the mechanical properties of the skin
depend essentially on the structural arrangement —on the
architecture— of these fibres. In figure 5 the various stress-
strain curves show distinct behaviour depending upon the
orientation of the collagen fibres in different tissues: Tendons
and ligaments are tissues with a high collagen content and
fibres that are already highly aligned before load introduction.
Therefore, these structures are already very stiff from the
beginning and, although very strong, the strain to failure is
very low. The dermis of the rhinoceros is probably the mammal
epithelium with collagen fibres having the greatest degree of
alignment. This does not demonstrate such a marked J-curve
as that of the epithelium of a cat, in which the collagen fibres
are initially quite disordered, as shown schematically in the
figure.

Disturbance of the network of collagen fibres and elastin
can have serious consequences; some diseases are due to
breaking the crosslinks between them. One of these cases is
lathyrism, which can be caused by ingestion of grass pea seeds
(Lathyrus sativus), or its principal agent f-aminopropionitrile,
which reduces the formation of crosslinks in the collagen by
inhibiting the enzyme lysyl oxidase. Another serious illness is
scurvy, caused by vitamin C deficiency. Vitamin C is essential
for the synthesis of the hydroxyproline and hydroxylysine
amino acids, which form the collagen chain. Human beings
and some higher primates lack the capacity to synthesise
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Fig. 5. Schematic stress-strain curves as a function of the orientation of
collagen fibres.

vitamin C, which they must obtain from their diet. This was a
very common sickness among sailors in previous centuries.
Their diets often excluded perishable products, rich in vitamin
C, such as fruit and vegetables. Defective fabrication of
collagen weakens the structures of all organisms, producing
haemorrhages and, in extreme cases, leading to death.

In concluding this introduction to the epithelium it is worth
elucidating some aspects of the structure of the stratum
corneum because, although it is an excellent barrier for
avoiding water loss, it is also a superb biosensor capable of
initiating a series of biological processes to repair wounds
and restore a homeostatic barrier.

The structure of the stratum corneum can be likened,
in a simplified form, to a brick wall, in which the bricks are
keratinocytes (cells which produce keratin) and the mortar a
matrix of lipids. The keratinocytes play the role of protector
against abrasion from external agents and the lipids are
essential barrier elements which avoid water loss. The
understanding of the biochemistry of the stratum corneum
was facilitated by the diagnosis and treatment of various skin
diseases which range from cosmetic problems -dryness,
peeling— to more serious conditions, such as psoriasis or
atopic dermatitis (Harding 2004).

Tissue engineering has achieved major success in the
production of epithelia and has commercialised several
products. One of the first, in 1997, was TransCyte, based on
a degradable polymer scaffold on which skin keratinocytes
grow. This product was a temporary protection until the skin
regenerates. Nowadays, the fabrication of skin from a few
donor cells is a reality. In the Unidad de Biomedicina Epitelial
Ciemat Madrid, a team led by Dr. Jorcano produces skin for
severe burns by cultivating epithelial cells on a fibrin matrix.
This technique has been perfected in recent years, and
the ultimate objective is to try to regenerate skin; which is
functional and with all of its components, including glands
and capillary follicles. The new technique of 3D bioimpression
allows the design of structural scaffolds which, as well as
being biocompatible and dissolvible, can be functionalised so
that the cells that are seeded on them grow and differentiate
properly (Cubo et al. 2016).
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1.3. BLOOD VESSELS

This section is focused on the human cardiovascular system,
although reference will also be made the blood vessels of
other mammals.

The cardiovascular system is the means by which blood
runs throughout an organism. The heart is the engine; it acts
like a pump that pushes the blood through the arterial sys-
tem and sucks through the venous system.

The arterial system is composed of a network of blood
vessels called arteries which start in the heart and extend
throughout the organism carrying oxygen and essential nutri-
ents for the functioning of the cell, by means of the arterial
blood. Moving further from the heart the calibre of the ves-
sels become smaller; initially called arteries, then arterioles
and, finally arterial capillaries.

The venous system consists of a network of vessels
which, following a path parallel to the arterial network but in
the opposite direction, carries de-oxygenated blood loaded
with waste products —venous blood— back to the right cavities
of the heart from which it will pass to the lungs to be oxy-
genated and converted to arterial blood. The veins gradually
run together, progressively forming vessels of larger calibre,
called capillary veins, venules and, finally, veins.

1.3.1 Structure

The structures of arteries and veins are shown, schematical-
ly, in figure 6. The arteries must support greater pressures
and pressure fluctuations than veins due to the way in which
the cardiovascular system works, and this is reflected in the
their structure. Veins have less elastic and muscular walls
because the blood circulates along their length due to the
suction effect of the thorax and the pumping muscles in
which they are embedded. Inside the veins there are valves
which restrict the return of blood. In figure 6 it is shown that
the structure of arteries and veins is formed of three layers
or tunica; the intima, the media and the adventitia or exterior.

The intima layer is principally formed by endothelial cells,
the media layer contains smooth muscular tissue cells, col-
lagen fibrils and elastin, and the adventitia includes collagen
fibres, fibroblasts, nerves and capillaries (except in the finest
veins).

The composition and structure of blood vessels varies
with size and type of vessel. The thickness of veins is, ap-
proximately, one tenth of its diameter, while the thickness of
arteries is usually double that, about one fifth of their diame-
ter. Thicker arteries, such as the aorta, contain elastic tissue
that allows them to stretch during the systole (contraction

of the heart, which launches blood into the arterial system)
and contracts during the diastole (relaxation of the heart,
during which it is filled with the venous blood). The arteiole
walls contain less elastic tissue and deform less. The capil-
lary walls are formed by a layer of endothelial cells and their
diameter is so small that red blood cells can only just pass
through them.

Arterial
capillary

capillary

intima
layer

media
layer

adventitia
layer \ /

Fig. 6. The structure of arteries and veins.

The walls of arteries and veins consist of, approximately,
70% water, 15% collagen and elastin and the rest is smooth
muscle fibre. In the aorta there is more elastin than collagen
(more than 50%), and less elastin than collagen in the arte-
rioles and veins (the proportions can be 50% in the arterioles
and 30% in the veins). Veins always contain less elastin than
the arteries. The percentage of smooth muscle is less in the
aorta and increases in the more peripheral arteries and ar-
terioles.
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1.3.2 Mechanical properties

Knowledge of the mechanical properties of blood vessels
should provide an understanding of their function and help
prevent any dysfunction. Techniques for measuring the me-
chanical properties, modelling behaviour and describing the
performance of the vessels will be discussed as this section
progresses. For the moment, in order to pave the way, the
itinerary that will be followed is indicated in the paragraphs
below.

Due to the difficulties in testing blood vessels in vivo al-
most all experiments have been performed in vitro, with spe-
cimens extracted during surgical interventions or from cada-
vers, aiming to reproduce physiological loadings, a task that
is not always straight forward because the vessels are sub-
jected simultaneously to axial tension and internal pressure
(which varies as shown in figure 7), and, in addition, having
residual stresses in their walls.

Left ventricle

V[Aorta

Left ventricle

120

100

80 i
Arteries

60

Right ventricle
Arterioles

\ Lungs

[\f; Lu

BLOOD PRESSURE (mm Hg)

20 —
Capillaries

BLOOD VESSELS LOCATION

Fig. 7. Pressure (mm Hg) in blood vessels as a function of their location.

In order to understand the mechanical behaviour, to a first
approximation, it can be assumed that blood vessels behave
like a membrane; with no bending stiffness. Tensile tests,
with specimens extracted in the longitudinal and circumfe-
rential directions (as indicated in figure 8), are the simplest.
Stress-strain curves are obtained from these tests, and from
relaxation or creep tests, as a function of time. Dynamic tests
have also been performed on these types of specimens. For
example, a study of the mechanical behaviour of the aorta of
a dog, following these procedures, can be found in the article
by Tanaka and Fung (1974). This information is note comple-
tely satisfactory because, in reality, the vessel tissue is sub-
jected to biaxial loading, due to the blood pressure and the
longitudinal tension, so it would be worth performing more
representative tests. To this end various devices have been
used to apply traction to the vessels and, at the same time,
introducing internal pressure (see, for example, Froneck et
al. 1976, or Guinea et al. 2005). Other devices, as well as

loading the tube in tension and subjecting it to pressure can
simultaneously twist it (Fung 1993, page 337). Biaxial tests
performed on a coronary artery subjected to traction and in-
ternal pressure are shown in figure 8b in which the develop-
ment of the diameter is shown as a function of the pressure.

6
| ARTERY 4 i
(75 years) /
5 - E i
'
'
* /
4 - [l
1
© L /
o I
S 5| ﬂ / -
0
@ - =1
E 2r
»
I =
i a
0 L | | |
1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7
ELONGATION, A (L/Ly)
250
CORONARY ARTERY
. Longitudinal elongation fixed
200 - A=L/L,=1.65 145 130
Hty 1.15
5 L
T
c 150 |-
£
= L
g
> 100
0
w L
(3
o
50 -
oL |
1.5 2.0 2.5 3.0 35 4.0 4.5 5.0

EXTERNAL DIAMETER (mm)

Fig. 8. a) Engineering stress-elongation curves for an arterial blood vessel, in
the radial and longitudinal directions.

b) Internal pressure-external diameter curves for a coronary artery pulled to
different values of A, where A = L/L, and L, is the initial length of the vessel.
Note the dog-bone specimen geometry. (Claes, 2010)

More refined studies can be performed if the thickness
and flexibility of the vessels need to be taken into account,
that is to say they can be modelled as laminas subjected
to traction, internal pressure and torsion. For these cases,
experiments have been proposed that simulate a beam (the
lamina) between on two supports or bending tests on a can-
tilevered beam (lamina) with an end load (Fung 1993, page
352, 355).
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1.3.3 Final comments

All of this information is very useful for the diagnosis and
treatment of diseases of the cardiovascular system. It is also
helpful for modelling the mechanical behaviour of blood ves-
sels and formulating the constitutive equations that allow re-
liable predictions of their functioning.

There are two types of accident that occur, unfortunately
frequently, in human blood vessels. These will be reviewed
and discussed in more detail below: Ruptures by longitudinal
tearing and aneurysms, a biological degeneration which leads
to a mechanical instability. The information derived from ex-
periments indicates that the vessels possess a structure and
are made of materials which are especially adapted to with-
stand these accidents thanks to the non-linear nature of the
stress-strain curve, and the presence of residual stresses.

If blood vessels had a mechanical response in which the
stiffness (slope of the curve), within the physiological range
of pressures, decreases with increasing diameter, any local
changes in the diameter of the vessel would provoke an in-
stability, which gives rise to an increase in the diameter and
the appearance of widening zone known as aneurysm.

Indeed, if the tube is not perfectly uniform, in a region in
which the diameter was a little larger than those nearby a
swelling will be formed—an aneurysm— because it is easier

Artery Elastomer

CHS

PRESSURE

|

[

Pressure
pkirsiological range

__— 0

VESSEL DIAMETER

to dilate locally than become less stiff, leaving the adjacent
regions (of smaller diameter, stiffer) unaltered. This is the be-
haviour of elastomers such as rubber, which is shown in fig-
ure 9, in which the phenomenon is clearly visible, for example
the swelling of a cylindrical rubber balloon. On the other hand,
if an increase in diameter of the tube increases its stiffness,
as happens in arteries, instability will not be produced. The
design of blood vessels, unlike that of rubber, protects it from
that eventuality.

The shape of the stress-strain curve (or pressure-diame-
ter, as will be discussed in detail later) is due to the structure
of the vessels, formed of three layers of different mechan-
ical properties, and the characteristics of their constituent
materials; fundamentally elastin and collagen fibres. At very
low pressures, of the order of 70 mmHg, only the elastin
fibres work. The collagen fibres come into play little by little,
and are those that carry the greater part of the load at high
pressures.

Residual stresses in blood vessels make the stress in the
wall more uniform, and allow support of greater pressures
with less risk of rupture. The presence of residual stresses
becomes apparent through a lateral cut in a circular section
(as shown in figure 10) because the section opens spontane-
ously to a certain angle «, — known as the angle of aperture—
being greater for greater residual stresses.

H Uniform strain
ii&_&_{_l_&}iiw

Localized strain
aneurysm

I)l&lllliiii,

Fig. 9. Schematic pressure-diameter curves for tubes of different materials; an elastomer and an artery. Inside the pressure physiological range, stiffness (slope
of the curve) increases with the diameter of the artery whereas dicreases for elastomers.
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The beneficial role of these stresses can be appreciated,
using the following reasoning due to Fung (1993). Initially
the occurrence of the residual stresses is due to the fact
that the arteries have an appreciable thickness (the ratio of
the radius to thickness is between 2 and 4) and the stress-
strain relationship for the tissue walls is not linear, the stress
increases much more rapidly than the strain (see the curve
in figure 10a). When the arteries support the blood pressure
(between 110 and 130 mmHg), the radius increases and the
thickness decreases. In these circumstances the strain in
the internal layers of the aorta is greater than that in the
external ones (see figure 10a) and, since the stresses grow
more rapidly than the strains, this effect is more marked in
the distribution of stresses through the thickness. The ben-
eficial role of residual stresses is shown in figure 10b, in
which it can be seen that the distribution of stresses through
the thickness becomes more uniform as the angle « increas-
es. Depending upon the presence of the residual stresses
(first column, figure 10b), the stress distribution through the
thickness is quite ununiform when there is internal pressure,
reaching very high values in the internal layers. Due to the
increasing residual stresses (with increasing «) the super-

position of the residual stresses and those due to internal
pressure renders the total distribution more uniform through
the thickness and the maximum values are reduced, so that
the risk of rupture also reduces.

Pressure changes in the cardiovascular system can cause
changes in the geometry, structure and mechanical proper-
ties of blood vessels, a phenomenon known as continuous
structural adaption or remodelling. The causes of this pro-
cess can be many; diseases, drugs, surgery, high salt diet,
lack of oxygen (hypoxia), overpressure, lack of gravity, etc.
An example of remodelling of the pulmonary artery of a rat
due to increased blood pressure is described in Fung and Lin
(1991). The authors observed that, initially (up to 12 hours),
the media grew thicker while the adventitia hardly changed.
After 95 hours, the adventitia had achieved the same thick-
ness as the media, its thickening continuing over the next
few days (between 10 and 20). Remodelling was also ob-
served in the walls of the arterioles. In summary, they found
that remodelling of the vessels is not uniform and proceeds
quite rapidly; histological changes can be detected after a
few hours and most of the remodelling had taken place after
a couple of days. They also observed the variation of the «
angle (and as a consequence the residual wall stresses) with
change of pressure.

Tissue remodelling adds new parameters to the prediction
of mechanical behaviour. Everything seems to indicate that
the tissue cells live under stresses which modify their me-
tabolism, internal structure, and the production or reabsorp-
tion of extracellular structures. Under normal conditions the
organisms exist in dynamic equilibrium, called a homeostatic
state. When there are changes in the external pressure the
homeostatic state must re-balance through remodelling, that
is to say by means of changes in the mass, structure and
mechanical properties of the tissue.

Surgical repair of blood vessels consists of replacing the
blocked or deteriorated section with an implant, or diverting
the blood flow using a bypass. The grafted tissue may be
natural, such as a piece of saphenous vein or internal mam-
mary artery, from the actual patient or a donor, or artificial,
such as Dacron. In both cases a knowledge of the mechani-
cal properties is fundamental. Tissue engineering offers the
possibility of constructing blood vessels to-measure for each
patient, aiming to reproduce the mechanical and biological
behaviour of the original material. This requires a scaffold
which is biocompatible, biodegradable and functionalisable,
to seed it with the appropriate cells of the patient and to al-
low them to grow and proliferate. Some success has already
been achieved in the fabrication of blood vessels using this
technique (Pashneh-Tala et al. 2016).
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1.4. ANEMONES AND MEDUSAS

The apparent simplicity of the tissue of medusas and other
marine animals has encouraged their study, with the aim of
unravelling the relationships between structure and mechani-
cal properties. The resistance of anemones and medusas to
the ravages of the sea, despite their apparent fragility, has
also motivated the study and the attempts to create fabrics
with new features inspired by them.

POLYP

MEDUSA

1.4.1 Structure

Medusas and anemones are cnidarians —or flower animals—
and, although they exist in different forms (figure 11), their
organism has the same general arrangement. The body, with
axial symmetry, has a wall formed of three layers: the external
or ectoderm, the intermediate or mesoglea, and the internal or
endoderm. In its interior, there is a gastric cavity with only one
opening which functions as a mouth and an anus. This aper-
ture is surrounded by a series of stinging tentacles (hence the
name of the cnidaria phylum, from the Greek kvidn, nettle).

Two forms can be observed inside the phylum: the polyp,
which is adapted to the sessile, and the medusa, to the free
pelagic life. Some aspects of the mechanical behaviour of the
mesoglea of the polyp Metridium senile (a common anemone
off the coasts of northeast Europe) and of the mesoglea Rho-
pilema esculenta (an edible medusa abundant in the Pacific
Ocean) are discussed in this section.

Tentacles

Ectoderm

Endoderm
Gastic
cavity

Mesoglea

Ectoderm
Endoderm

Gastic |
cavity

Mouth Tentacles

Fig. 11. Transverse sections of an actinia and a jellyfish, in which the same general organisation is apparent. The mesoglea is show in both cases.
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1.4.2 Mechanical properties

Chapman (1953) observed that the mechanical properties of
the body of anemones can be attributed only to the mesoglea,
barely depend upon the muscle fibres. Alexander (1962) per-
formed creep experiments on the mesoglea of the actinia
Metridium and observed that under small loads the material
deformed up to two or three times the initial length, and that it
took about 15 hours to stabilise. On unloading the test spec-
imen, and after a similar period of time, the material returned
to its original length. Gosline (1971) continued these studies
seeking a relationship between the structure and composition
of the mesoglea and its mechanical properties. The following
commentary has been extracted from the work of Gosline.

The mesoglea of Metridium can be considered as a com-
posite of collagen fibres embedded in a matrix of polysac-
charides and proteins (a gel with 2.4% solid contents). The
composition of the mesoglea is, approximately; 6.7% colla-
gen, 2% matrix, 5% salt and the rest, 86%, water. In terms
of structure, (see figure 12) it is possible to distinguish two
layers; an exterior in which the fibres are intertwined and
another in which the fibres are more ordered radially and cir-
cumferentially. This structure suggests that the mechanical
behaviour may be anisotropic, indeed this is observed in the
tests discussed below.

Figure 12, shows the results of relaxation tests, at 23°C,
performed in different directions; longitudinal and circumfer-
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ential. In both cases the stresses decrease with time reach-
ing stability after about 15 hours. The previously mentioned
anisotropy is clearly apparent in the experimental results.

Gosline has proposed a model for the mesoglea in which
the intertwined (but not transversely connected) collagen
fiores are embedded in an elastomeric matrix formed of a
high molecular weight amorphous polymer. The matrix is
responsible for the deformation and the elasticity of the
mesoglea. The collagen fibres, whose role is to reinforce
the matrix, are responsible for the initial stiffness, but the
large deformability and the elastic recovery are due to the
changes in the configurational entropy of the matrix polymer
network. According to Gosline (1971), if the collagen fibres
were transversely joined, the mesoglea could not deform
more than 30% strain in the longitudinal and 55% in the
circumferential direction. Alexander (1962) recorded strains
of 200% in creep tests.

Another notable aspect of the mesoglea of the polyp
Metridium is its scratch resistance; 1.2 kJ/m? (similar to that
of bone, 1.7 kJ/m?, or of the pig’s aorta 1.0 kJ/m?, but much
lower than that of the epithelium of a mouse, 20 kJ/m?). The
measurements were made by Purslow (1983) by means of
rupture by tear experiments which are described in detail in
2.2.2. The rupture strength of the mesoglea, like other highly
deformable materials, is small, due in part to the elastic
energy stored by deformation —which can cause rupture—.
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Fig. 12. Relaxation experiments on the mesoglea of the polyp Metridum s., which illustrates the anisotropic character of the material. (Gosline, 1971).
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Another biological material with these characteristics —
simple soft membranes— is the mesoglea of medusa. It is
curious that this material —which is 97% water— has mechan-
ical properties that withstand the ravages of the sea without
suffering harm. Once again, with this type of relatively simple
gel, the challenge is to study the relationship between the
structure and properties, and to design and fabricate hydro-
gels with better mechanical properties.

For this purpose, Zhu et al. (2012) investigated the
mesoglea of the edible medusa Rhopilema esculentum, of
the rhizostomatidae family. The bell —or umbrella— of the me-
dusa is composed of three layers, as shown in figure 11; the
exterior or ectoderm, the intermediate or mesoglea, and the
interior or endoderm.

The structure of the mesoglea is outlined in figure 13. It is
formed of fine laminas, stacked parallel to the surface of the
bell, connected by nanofibers whose diameters range from
20 to 50 nm. In terms of chemical composition, it is 97%
water and the rest is composed of (type Il) collagen fibres and
unsaturated fatty acids.

The mechanical properties of the mesoglea were obtained
from uniaxial tensile and compression tests, whose details
can be found in the cited reference. A schematic representa-
tion of the specimens used in each case is shown in figure
13, as are the direction of loading and the results obtained.
It can be seen that the tensile rupture load is around 0.20
MPa and the corresponding strain is about 100%. In the com-
pression test, the rupture load approaches 2.0 MPa and the
strain is around 86%. These results are better than those
for most synthetic hydrogels with similar water content, and
even less. Despite its apparently simple microstructure —thin
sheets of interlocked fibres— there is no satisfactory model
for prediction of the mechanical properties of the mesoglea.
On the other hand, and bearing in mind the considerations
made in previous sections, it would be very useful to have
biaxial experiments for a more reliable database.

1.4.3 Final comments

Hydrogels are networks of three-dimensional hydrophilic pol-
ymers which can retain considerable amounts of water. Syn-
thetic hydrogels have numerous applications in biomedicine
and pharmacy, but their mechanical properties are poor and
seldom appropriate for applications that involve support of
mechanical forces. To this end it would be desirable to devel-
op more resistant hydrogels inspired by the structure of the
mesoglea of medusas.

The locomotion of medusas is quite unique; it is based
on successive contractions and expansions of the bell, pro-
duced by striated muscles similar to those of vertebrates.
Even though it has not yet been possible to fabricate a syn-
thetic mesoglea, it has been possible to make an artificial
medusa capable of replicating its movements (Nawroth et al.
2012). For that, a sheet of cells from the heart muscle of a
rat was grown —which contracts under the stimulus of an elec-
tric current— combined with a silicone polymer layer —which is
elastic and allows the recovery of the initial geometry when
the current stops—. On applying an electric field to the artifi-
cial medusa, it contracts imitating the impulse of real medu-
sas. It even creates a stream of water which could attract
food near where the mouth would be.
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Fig. 13. Stress-strain curves of the mesoglea of the medusa Rhopilema esculentum, in the radial and transverse directions, which illustrate their anisotropic

character (Zhu et al., 2012).
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1.5. NATURAL ARMOURS

1.5.1 Evolution of armours

Natural armours are another type of biological membranes
and laminas. Not as flexible as those mentioned above,
natural armours have evolved over time to provide living
beings with protection against external threats.

Fossils of fish covered in hard plates (placodermos) have
been found. These creatures lived in, and dominated, the
seas 420 million years ago, and became extinct towards
the end of the Devonian period. These creatures had large
plates which were juxtaposed and, although they provided a
protective shell, the plates impeded mobility and locomotion.
Fossils of these fish of more than eight metres long have
been found.

Armour plates have evolved to improve mobility while
maintaining their protective qualities. Within the gnathosto-
mata (jawed mouth) there are two classes; the chondrichthy-
es (with cartilaginous endoskeleton) and osteichthyes (with
skeletal bone) (figure 14).

The chondrichthyes (sharks and rays) appeared 400 million
years ago and have bodies covered in placoid scales partially
embedded in the skin. As well as the protective function,
placoid scales reduce the drag resistance and accommodate
various cutaneous and light organ sensor systems.

Osteichthye fish appeared in the late Silurian period,
also around 400 million years ago. Osteichthyes are divided
into two subclasses; sarcopterygians (lobe-finned) and
actinopterygians (ray-finned) (figure 14).

Cephalospidomorphi
Vertebrates Chondrichthyes
PLACOID SCALES
Gnathostomata

Osteichthyes

Most fish are now actinopterigii and their scales differ
from those mentioned above. Primitive ones, called ganoids,
are typical of the most basal bony fish, such as sturgeons.
They are composed of bone and enamel (ganoine), they look
like rhomboidal shields and are arranged in the skin like
pavement slabs. The other bony fish have elasmoid scales
(due to the presence of elasmoidine) of two types; cycloid
and ctenoid. The former have smooth edges and the latter
jagged, which gives them a rough texture. These two types of
scales are not arranged like mosaic tiles but are imbricated,
like roof tiles. The free edge is directed towards the rear of
the fish to reduce water resistance during swimming.

In the past sarcopterigii occupied every aquatic ecosys-
tem on the planet, but they now are restricted to the fresh-
waters of Africa, South America and Australia, as well as the
marine waters of the Indian Ocean, where there are only two
species. The coelacanth, the famous “living fossil”, belongs
to one of them. One group derived from the sarcopterigii,
the tetrapods, (figure 14), has colonised all terrestrial en-
vironments of the planet; these are amphibians, reptiles,
birds and mammals. These, also, have developed natural
armours.

Turtle are reptiles; more accurately, chelonia. Mammals
which appeared towards the end of the Triassic period, about
200 million years ago. The shell of turtles is formed of hard
bony plates which protects them against the attacks of pred-
ators; cats, crocodiles, sharks and, even, birds which can
scratch, bite or peck them. They must also withstand hard
impacts, when eagles seize them and drop them on rocks
to break their shells. This armour is very strong but not very
flexible.

Acipensiformes

GANOID SCALES
Actinopterygians

Neopterygii

ELASMOID SCALES

Fig. 14. Types of scales and their position in evolution.

Coelacanths
Sarcopterygians

Tetrapods
OSTEODERM SCALES
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Other reptiles which are coated in armour are crocodiles,
whose ancestors appeared in the Triassic period, about 180
million years ago, and who lived alongside the dinosaurs. This
long lineage has now been reduced to just three families; gavi-
als, crocodiles and alligators. They all have armoured skin. Al-
though they rarely encounter dangerous enemies, they need
their armour to defend their territory from members of their
own species because their bites can be fatal. Compared to
turtles, their armour is more flexible and it gives them greater
agility to capture prey. In former times, some warriors created
armoured breastplates from crocodiles to protect themselves
from arrows and pointed objects.

Mammals have also developed natural armour during their
evolution. In particular, within the order of edentata, a group
of armadillos (whose name is spanish, already indicates
that function) and pangolins. Some edentates in the rela-
tively recent past were much more impressive than current
ones. Glyptodonts, which became extinct about 10,000 years
ago, were a mammalian version of land turtles and reached
weights of several tons. They were equipped with a golf ball
like shell, made of dermal bones. They achieved great suc-
cess and diversity; originating in South America, they spread
into southern North America.

Pangolins are one of the few remaining representatives
of armoured edentates. They live in tropical and subtropical
regions of Africa and Asia. Their scales are imbricated and
cover the major part of their skin. This arrangement provides
great flexibility than other reptiles whose plates are juxta-
posed and connected by collagen fibres. When threatened
the pangolin curls up into a ball and it sticks out its exterior
scales, like a half-open pine cone, protecting it and hurting
the attacker. The distribution of the scales on the pangolin
has inspired the design of armour since ancient times. In
1820, the United Kingdom’s King George lll was presented
with a coat made of pangolin scales.

Armadillos are another living group of armoured eden-
tates. They live in South America and the lower part of North
America. Armadillos are covered in bony plates, called osteo-
derm, which protect them from predators, in particular, when
the animal rolls up into a ball.

1.5.2 Composition and structure

The ingredients available for living species to fabricate ar-
mours have been limited; cell secretions (which provide col-
lagen fibres) and minerals (principally calcium, in the form of
carbonates and phosphates).

To a large extent, the elements of natural shields are
formed of two layers; the very hard exterior provides protec-
tion against impact and the tougher interior provides strength.
However, the strength of the plates is provided, to a large ex-
tent, by the hierarchical structure of the components.

The exterior layer is formed of highly mineralised tissues,
which are hard, avascular and with little or no collagen. The
most common tissue is enamel and another is ganoin which
covers the scales of some bony fish. The enamel which cov-
ers the teeth is the same as that which we share with other
tetrapod animals and fish. A recent study (Qu et al. 2015)
suggests that enamel may have its origin in primitive fish
scales, because a genetic analysis identified a link between
ganoin and enamel matrices .

The interior layer is formed of mineralised collagen fibres
within @ mineral matrix. Depending on the grade of miner-
alisation and the distribution of the collagen fibres several
types of structures have been identified; dentin, elasmoidine,
and lamellar bone, among others (Sire et al. 2009).

The microstructure and composition of the plates vary
according to the species considered. The three examples
selected —ganoid scales, elasmoid scales, and osteodermal
plates— give an idea of the structures which nature has devel-
oped to protect animals (Yang et al. 2013a)

The fish Atractosteus spatula provides an example of the
structure of ganoid scales. It is one of the largest fresh water
fishes in North America, reaching a length of three metres
and weighing 100kg when fully grown. The scales are formed
of two layers (figure 15a). The external layer, called ganoine,
which has a thickness of 0.5 mm in adults, is hard and com-
posed of hydroxyapatite crystals. The internal layer is thicker,
about 3.5 mm, and formed of sheets of dentine, elasmodine
and bone tissue. Native Americans value these scales and
use them as adornments.

The Arapaima gigas is another large freshwater fish, reach-
ing lengths of 2.5 metres and weighing 150 kg, it inhabits
the Amazon river, and has elasmoid scales. In the adult, the
scales can approach a length of 100mm and width of 40 mm.
They are also formed of two layers, (figure 15b). The external
layer can have a thickness of 0.6 mm and the internal one
1.0 mm. The external layer is highly mineralised and rough.
The internal layer contains collagen fibres which are arranged
in parallel planes. The planes can be stacked in a helical
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form, creating a structure called Bouligand (Bouligand, 1972)
which confers great rigidity. The scales can be considered
as a multifunctional protector; the external layers provides
hardness and wear resistance and the internal layer flexibility
and toughness.

A mammal, the armadillo Dasypus novemcintus is covered
with hexagonal plates called osteoderms, which can be trans-
lated as “bone skin”. It is the same protection used by some
reptiles (crocodiles and turtles). Osteoderms in turtles form
part of their skeleton, in other animals they form part of the
skin and are vascular. Once again, two layers can be identi-
fied in these plates: The exterior or epidermis, is of a-kera-
tin which provides stiffness and sealing. In the interior layer
three regions can be observed; the first is dense and bony,
the middle is porous bone and the inner is, again, dense bone
(figure 15c¢). This structure— dense bone, porous bone, dense
bone- is frequently seen in animals which need strength and
energy absorbing capability combined with lightness, that is
to say low density.

It is interesting to compare the similarities between the
structure and properties of armours of turtles and armadil-
los because they fulfil a common function —both provide pro-
tection against predators— despite important differences, in
turtles the dorsal plates include vertebrae and ribs, and in
armadillos both are inside and separate from the plate. Even
so, the connections between the plate and its structure are
very similar. In both creatures the plates are interconnect-
ed by collagen fibres to provide a degree of flexibility to the
shell, although the arrangement of the sutures in turtles is
more complicated than that of armadillos. The structure is
similar in both cases; dense bone, porous bone, dense bone.
Since turtles and armadillos belong to the different families
—reptiles and mammals— it is interesting to note that their
evolutions converged on similar solutions to the problem of
protecting these animals from predators.
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1.5.3 Mechanical properties

Living beings have developed materials for protection against
external threats over millions of years. These materials —
which form plates and scales— have excellent mechanical
properties, even though their components are soft and brittle
(Hydroxyapatite and collagen, for example).

The function of natural armours is two-fold; to provide pro-
tection and, at the same time, sufficient flexibility to allow
the movement. In particular, the components of the armour
are materials which possess high hardness, resistance to
indentation and tenacity. It is difficult to characterise these
properties because the plates and scales are small, thin, and
heterogeneous. All this means that the traditional techniques
for measuring strength, fracture toughness or resistance to
indentation provide results that are difficult to interpret.

The tensile strengths of scales or bony plates have been
measured by extracting dog-bone specimens in the longitu-
dinal (direction of movement of the fish, for example) and
transverse directions, with the aim of detecting anisotropy.
Humidity affects the results; tensile tests with dry specimens
produce higher rupture values and lower strains. Temperature
also has its influence on the test results.

100 Atractosteus
75 -
0
[ =
() Cyprinus Morone
Arapaima
25 Megalops

STRAIN

Fig. 16. Tensile tests on fish scales, in a humid environment, at ambient tem-
perature and in a direction parallel to the body. Approximate mean values due
to the large spread in results. Engineering stresses and strains. Pagrus (lkoma,
2003). Atractosteus (Yang, 2013b). Arapaima (Yang, 2014). Cyprinus (Cugno,
2012). Morone (Zhu, 2012), Megalops (Murcia, 2018).

Figure 16 contains the tensile test results for various
scales, performed in a humid environment and at ambient
temperature. The aim of the graph is to provide an idea of
the values but these should be treated with caution, since
the tests produce results with a great deal of scatter (consult
the cited references for details). Tensile test with specimens
taken from bony plate provide different values according to
the degree of humidity, for example; in a humid environment;
40 MPa (pangolin) or 13 MPa (turtles and armadillos), in a
dry medium 70 MPa (pangolin) or 23 MPa (turtles and arma-
dillos). Once again these are only indicative values.

The resistance to penetration and the toughness of
scales has caught the attention of researchers. For example,
M A Meyers and co-workers studied the protection capacity of
the scales of Arapaima gigas against bites from the piranha
Sarrasalmus manueli, because both fish live in the Amazon
basin and coexist in harmony (Meyers et al. 2012). The afore-
mentioned investigators performed penetration experiments
with the teeth of the piranha on the scales of the arapaima.
The results showed that the teeth of the piranha were not
capable of penetrating the exposed part of the scales; the
teeth broke and remained embedded in the scales without
the power to penetrate further. The external layer of the highly
mineralised and very hard scales played a fundamental role
in protecting the arapaima from the bites of the piranha. In
some cases, the external layer could break, owing to its hard-
ness and the pointed form of the teeth, leaving the collagen
laminae exposed. If the teeth continued to penetrate, they
would separate the collagen fibres in the layer but meet the
next layer with collagen fibres in another direction (the Bouli-
gand structure, mentioned above) which slow down further
progress. This is the basic mechanism which provides tough-
ness to ctenoid scales.

Attempts have been made to estimate the toughness of
some scales using standard tests with pre-cracked speci-
mens (these tests will be discussed later in this book). As
these are anisotropic, heterogeneous and hierarchical ma-
terials, it has only been possible to obtain indicative values
which are difficult to interpret.

Microhardness tests suffer from the same difficulties
mentioned above, but provide comparative values for various
types of scales and predator teeth, such as in the example
cited for the piranha and the arapaima.
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1.5.4 Artificial armours

Since ancient times, hardness of scales and their distribu-
tion over the skin —imbricated or juxtaposed, providing some
degree of flexibility to movement- have inspired the fabrica-
tion of body armour for human beings.

The origins of the these artificial armours go back more
than four thousand years; remains were found in the tomb of
Kenamon, who lived in Egypt during the reign of Amenotep I
(1436-1411 BC). The Seythians had coats with iron or bronze
scales stitched onto leather vests. The best documented
ancient armours are those of the Roman Empire (Bishop
and Coulston, 2006). Armour scales (lorica squamata) were
formed from small metal plates sewn into a supporting fab-
ric. The scales, fabricated from a copper alloy, had dimen-
sions of about 15 mm long by 13 mm wide, joined together
by wires and then sewn to a linen cloth using threads of the
same material. While being less flexible than a chain mail,
they were, however, popular throughout the roman period. In
the Far East, fish scales also inspired a means of protection;
Japanese armours (gyorin kozane or kozane do) were similar
to those described above although the laminas were made of
leather, kozane means scale, and their early versions date to
the Fujiwara period (XI century). In these cases, the scales

were fabricated from materials which were more available;
copper alloys, iron, leather (raw or boiled), horn, seeds or
pangolin scales.

Nowadays, the strategies developed by nature for mak-
ing armours continue to inspire the fabrication of artificial
armours. Armours based on polymers have the advantage
of flexibility and lightness but lack the required hardness
for some situations (Rudykh et al. 2015, Funk et al. 2015).
When hard elements are incorporated, such as in Dragon
Skin armour with ceramic plates, mobility is reduced. Other
armours can be found which are more flexible, imitating ar-
madillo shell (Chintapalli et al. 2014). In that case, hexagonal
glass is used on a rubber base. The mechanical properties of
the skin of fish continues being an attractive model for devel-
oping more flexible light armour, particularly when scales with
greater resistance to penetration, a good linking system and
tough elastic substrate are available.
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2.1. INTRODUCTION

In order to use a biological material for structural purposes, it
is ideal is to have its constitutive equation. This equation al-
lows a knowledge of the mechanical response of the material
(the strain as well as the stress state) under external load-
ing (forces, pressure, displacements, temperature, humidity
etc.).

This objective is not easy due to the complexity involved,
and to achieve it requires experimentation. For that it is es-
sential to define precisely the relevant variables, design the
experiment properly, and to know how to interpret the results
correctly.

The bi-dimensionality further complicates the study and
interpretation of experiments on biological materials in the
form of membranes. Familiarisation with the basic con-
cepts outlined below requires considerable effort, but this
is necessary for when the reader comes across specialist
articles which take for granted, for example, a knowledge of
the Green-Lagrange strain tensor or the Piola-Kirchhoff stress
tensors.

To this end the structure of this chapter is: In the first
place, the concepts required to describe the stress-strain
behaviour of the material. Then, some experiments are de-
scribed, which provide data for the characterisation of the
material, attempting to accompany the exposition with sim-
ple examples that can facilitate the assimilation of the basic
concepts of continuum mechanics. In this book there is no
room to expand upon these notions, and the interested read-
er may consult, for example, the books of Y.C. Fung (1993),
J.D. Humphrey (2002), G. A. Holzapfel or .M. Capaldi (2012).

The exposition is completed by presenting the most com-
mon experiments used to characterise these materials; bi-
axial tension, rupture by tearing, and simple peeling or by
pressurisation tests. The information obtained from these
is essential for the formulation of the constitutive equations
that define the mechanical behaviour of soft materials, and
very valuable for understanding the relationships between
their microstructure and mechanical properties. It is also very
useful in the field of medicine; for regenerative surgery, for
transplants and to feed into computer programmes in robotic
surgery.
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2.2. MECHANICAL BEHAVIOUR

2.2.1. Pseudo-elastic materials

The mechanical behaviour of soft biological materials is far
from being elastic; the deformations depend upon the load-
ing history, do not usually recover, and when they do they
depend upon time. All of this makes it very difficult to es-
tablish a one-to-one relationship between stress and strain;
when subjected to cyclic loading and unloading they exhibit
hysteresis (the unloading curve does not coincide with that
of loading, and for the same value of strain there are two
possible values of stress), if the strain is held constant the
stress relaxes with time, and if the stress is kept constant
the strain increases (flows) with time. If, in addition to these
difficulties we add, among other inconveniences, anisotropy,
heterogeneity and the influence of the age of the tissue, the
mathematical formulation of a model of mechanical behav-
iour is greatly complicated.

However, under cyclic testing a soft biological tissue ex-
hibits a phenomenon known as accommodation which often
allows the proposition of an approximate constitutive equa-
tion. Accommodation means that, after several loading and
unloading cycles, the hysteresis loop does not change, and
the stresses and strains always follow the same path. When
that happens and the hysteresis cycle (for a given strain rate)
is stabilised, it is said that the specimen has been precondi-
tioned. In these cases, the relationship between stress and
strain is unique, repeatable and predictable. The relationship
between the stress and strain is unique —both for the rising
load branch and the unloading branch- if the branches are
considered separately.

06 - 1%t cycle
£ 04}
E 3, 4, cycle
)
0.2
0 1
0 0.1 0.2 0.3 0.4

STRAIN

As the stress and strain have a one-to-one relationship in
each branch of the hysteresis loop it is possible to treat the
material as if they were two different elastic materials; one for
the loading process and the other for that of unloading. This
idea, due to Y. C. Fung, allows use of the tools of elasticity
to model the behaviour of preconditioned materials. In order
to avoid possible confusion with truly elastic materials, Fung
has proposed calling them pseudo-elastic.

Bear in mind that pseudo-elasticity is not an intrinsic
property of the material, it is merely a convenient description
of the relationship between the stress and strain in a cyclic
loading process, which is valid only up to the level of the
maximum load reached in a preconditioning cycle and, most
often, for a given strain rate.

The key kinematic concepts and the state of stress used
for characterising the mechanical behaviour of membranes
subjected to biaxial loads are summarised below. The aim
of this exposition is to delve a little into the concepts and
definitions that the reader will meet when they analyse exper-
imental results or constitutive equations. A rigorous develop-
ment of these concepts would take us beyond the purpose of
this book. Interested readers can usefully consult the already
quoted books as well as the article of M. Sacks (2003). The
following definitions are intended only as a guide to assist
the reader of works related to this topic.

Fig. 17. Cyclic true stress-strain curves from human thoracic aorta
specimens (adapted from Horry et al. 2010). The material shows a very
important hysteresis loop which reduces notably after a few cycles, attaining
a stable repeatable behaviour.
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2.2.2. Strain and stress

Strains and strain tensor

Consider a two-dimensional continuous body formed by a set
of particles. The simultaneous position of all the particles is
called the configuration, and the position X of all the particles
which occupy a space Q, at a certain time (see figure 18) is
the reference configuration. In what follows, capital letters X
are used to denote the position vectors of points in the refer-
ence configuration, which is the configuration with respect to
which displacements or strains are measured.

When an external load or displacement is applied to the
body, it may deform and the positions of the particles change.
The deformed configuration, which now occupies a space Q,
is the set of the new positions x of the points, and lower case
letters are used for this situation (as indicated in figure 18).

The relationship between the values of the points in the
deformed configuration x and the values of the reference con-
figuration X, is provided through the equation of motion

x =k (X,t) (1)

Each point in the reference configuration must have a
corresponding point in the deformed configuration and vice
versa. This implies that there must be an inverse function

X =k"(x,) 2)

which allows us to obtain the position of a point in the
reference configuration when its position in the deformed
configuration is known.

The displacement, u, de un punto material, P, is the dif-
ference between the deformed position x(X,,t) and the refer-
ence position X, that is to say:

uX,,t)=x(X,.t)-X, (3)

This is the material (or Lagrangian) description of displace-
ment, where the independent variables are the coordinates of
the reference configuration and time.

It is also possible to write the displacement as a function
of the variables in the deformed configuration and time, which
is known as the spatial (or Euclidian) description in the form:

u(X,,t)=x, - X(X,,t) (4)
Figure 18 illustrates these concepts and allows us

to advance a little further into the ideas related to the
deformation of a body.

Suppose that the points P(X;, X,) and P’'(X; + dX;, X, +
dX,) (in Q) are very close to each other, if the body is con-

Fig. 18. Notation used in the reference Q, and the deformed € configurations.

tinuous, after deformation the corresponding points Q(x4, X,)
and Q'(x4 + dx4, X, + dX,) (in ) will also be close. The vector
dX =(dX,, dX,) in the initial (or reference) configuration will be
transformed into the vector dx=(dx,, dx,) of the deformed (or
instantaneous) configuration. We can calculate the vector dx
from dX by means of equation (1):

dx = de =FdX (5a)
0X

Expression (5a) defines the deformation gradient tensor F,
which contains all of the information needed to determine the
relative position dx=(dx,, dx,) of the material particles from
their initial separation dX=(dX,, dX,):

i, o,
dx, | |oX, ax, || dx
I el Rl RPN VL TS
de, || o, oK, || X, ox, " oX,
X, X,

in which we have assumed a cartesian coordinate system. To
simplify writing, and in what follows, we will use the Einstein
summation convention in which a repeated index indicates
the sum of the terms over all of its possible values.

In a similar manner, we can obtain dX from dx using equa-
tion (2)

ax. = Zige (6)

J

-1
aX = K D) - Flax o

o0x 0x ;
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It is useful to know, for reasons which will become appar-
ent later, how an infinitesimal length between two infinitely
close points, such as P and P’ in figure 18 deforms. For that
we look for a relationship between the reference dL and the
deformed di segments, whose magnitudes are given by:

(dL)’ =dX -dX =dX] +dX; (7)
and
(dl)’ =dx -dx =dx; +dx, (8)

Taking into account equation (6) we obtain

dx - dx (9)

k™ ok dX—(aK_I )T oK

(dL)’ = Z=—adx
Jx 0x Jx 10).¢

where the superscript (%) indicates the transposed tensor.
The above expression becomes, in cartesian coordinates,

, X; 0X;
oX; 0X;
= Y (10)
%, O, dx;dx,y,

where 6,-]- equals 1 if i=j, and O if i=j. From equation (5) we
also have

» (o ok
(di) =(—) —dX-dX
X/ oX

and

(dl)’ = 0% 9% gxax (11)

! m

The difference between the squares of the deformed
segment dl and the reference segment dL, can be written as:

(di)’ =(dL)" =2EdX-dX 6 (dl)’ -(dL)’ =2E,dX,-dX, (12)
or,

(di)’ =(dL)’ =2ndx-dx 6 (dI)’ -(dL)" =2m,dx,-dx, (13)
where E is the Green-Lagrange strain tensor (introduced by

Green and St. Venant) and # is the Almansi strain tensor (in-
troduced by Almansi and Hamel®), efined as

Fig. 18. Notation used in the reference €, and the deformed € configurations.

T
=1(8_K) L L ox x5 (14)
21\0X) oX bo2|0x 0x, "
and
p oMy ot ] aX, 0x, s)
2 x | ox M=% dx; 0x;

Expressions (14) and (15) obtained for the Green-
Lagrange and Almansi tensors can be written in term of the
displacement u taking into account equations (3) and (4):

( Ju )T ou ( ou )T ou
0X X \0X/) oX

or

1

2

1

ij 2

! (a_u)ﬁa_u_(a_u)ra_u
2 [\ ox ax \0x/) ox

u, ou, du, ou,
+—+——-

1

i (16)
X, 0X, 09X, 90X,

n=

or
1(ou;, odu, du,du,
+____

o (17)
Ty 2[8)@ ax; o, axj]

3 Emilio Almansi (1869-1948) was an ltalian physicist and mathematician famed for his work on the theory of elasticity and the solution of non-linear problems.
Georg Karl Wilhelm Hamel (1877-1954) was a German mathematician and author of several treatises on mechanics.
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The following example may help to cement the ideas and concepts mentioned above. In what that follows the effect of time
is ignored.

EXERCISE 0
Consider the homogeneous membrane represented in the figure, loaded uniformly by forces f, =1, e, and f,=1,e,. The dimen-
sions and the coordinate system are also shown in the figure.

It is assumed that the deformation is homogeneous, that is, the same at every point, and the thickness ik changes during the
deformation but the volume remains constant. Consequently the density r will be constant. It is further assumed that there
are no angular deformations, and, therefore, the membrane maintains a rectangular shape during the deformation. This is the
case if the material is isotropic and also if, being anisotropic, there is a material symmetry with respect to the 1 and 2-axes
(since the deformation must respect that symmetry and, therefore, also the rectangular form of the plate, which is symmetric
with respect to said axes).

In the reference configuration, the initial values are: L, L, and H.

In the deformed configuration, these values will be I,=4,L;, l,=4,L, and hk, where by conservation of volume,
LlLh=L,L,H

Assume, for convenience, that the origin of the coordinates does not change its position with the deformation.

Under these conditions, apply expressions (1) to (15) to the deformation of the membrane.

S P E—

fi

o e e '

SOLUTION:

Equations (1) and (2) provide a knowledge of the position of a point in the membrane after the deformation. A point in the
reference configuration (initial) with position (X, X,) is displaced to point (x;, X,) in the deformed configuration according to
equation (1):

x = K(X) vector notation

(x,x,)=(AX,, A,X,) coordinate notation

A0 (| X
X e 1 matrix notation
X, 0 A X,




28 M. Elices and G.V. Guinea

The position of a point in the reference configuration, when its position in the deformed configuration is known, is given by
equation (2)

X=Kk"(x) vector notation
(X, X,)=(x, /A%, [ A) coordinate notation

X | YA 0 || x
X0 VYilx

matrix notation

The value of the displacement, u, of a point P (see figure 18) as a function of the coordinates (X, X,) of the reference con-
figuration is given by equation (3)

uX,)=x(X,)-X, vector notation

[u1(X19X2)’M2 (X1 ’Xz )] = [()"1 - 1) Xl ) ()\,2 - 1) XZ] coordinate notation

A-1 0 X
Mol ! notacién matricial
A 0 A-1(X,

Similarly, the displacement u as a function of the coordinates (x;, x,) in the deformed configuration is given by equation (4)
u(x,)=x,—X(x,) vector notation
[, (x,, x,), (x5 X)) =[A=1/A) x;, (1-1/A,) x,]  coordinate notation

u | [1-1/4 0 X,
w,| | 0 1-1/4, | x,

matrix notation

The deformation gradient tensor, F, defined by equations (5a,b) becomes

F=aK(X) or F—ﬂ

X e
) ) ) A 0O
which, for this example, is F =
}\’2

for this problem F is symmetrical so that F = F'. We can also obtain the inverse tensor F-* from equation (6)

oK X
F_l = (X) or F;.j_] =t

0x axj

which for this example becomes,
/4, 0
1o 1ya,

which is also symmetric, so that F* = F-'.

-1
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If we need to know the relationship between the infinitesimal length dL between two infinitely close points (for example P and
P’ in figure 18) and its value after deformation, di, we use expressions (9) and (11)

/47 0

(dL)' =F"Fdx-dx =
0 1/

dx -dx

h AP0
(dl) =F'F dX-dX = dX -dX
0 A

2

Thus, using equation (7)

Al A-1 0
dX -dX-dX -dX = dxX -dX

0
(@) -(az) =| "
0 A2 0 A-1

and also, using (8)

/A0 0 1-1/47 0
(dl)' -(dL)" = dx -dx- /A ax -ax<| W

dx -dx
0 1/A 0 1-1/A;

which can be identified as the Green-Lagrange strain tensor expression (12)

Al-1 0
0 A-1

E

1
2
and the Almansi strain tensor expression (13) is

1-1/A} 0

1
n=—
2 0 1-1/A2

which can also be expressed using equations (14)
A2 0

E=1[FTF-1]=l 10
2 2110 A

0 1

and equation (15)

1 o 1{f1 o0 l/}“12 0
=—[1-F7F']== -
n 2[ ] 2[ ]

0 1 0 1/A
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The diagonal components of the Green tensor measure
the change in length of fibres orientated parallel to the refer-
ence axes, relative to the initial length. It can be shown that

1 2 1 2
Ell = E(/ll - 1) and EZZ = E(/lz - 1) (18)

where 4; = dl/dL; = 1 + A(dL,)/dL; is the unit elongation
(or more simply, elongation) in the d-direction (i=1, 2). 4,
measures the relationship between final length and the initial
length of an element initially lying parallel to the i-direction.
Note that A(dL,)/dL; is the nominal or engineering strain in
the ¢-direction.

In the same manner it can be seen that the diagonal
components of the Almansi tensor provide a measure of the
relative change in length of linear elements relative to the
deformed length:

1 1 1 1
U =5(1—)~L—12) and 7, =5(1 _i_zzJ (19)

now ):i is the elongation of an element which after strain stays
parallel to the i-direction. Note that dl and dL don’t have to
be parallel, and in general they are not (figure 18).

EXERCISE 1
Derive equations (18) and (19)

SOLUTION:

If we apply equation (12) to an element dL; lying initially (in the reference configuration) in the é-direction we see that:

(dL,) =(dL,)" = (dL,)’ -(dX,)’ =2E, (dX,)’
since dL;=dX;. The square of the elongation is given by

)’ (dX,)’ +2E,(dX,)’
" ((dx))z _(@x) = )2< ' as

from which equation (18) is immediately deduced. Note that an element initially parallel to the i-direction does not have to

remain parallel to this direction after deformation.

In order to derive equation (19) we now consider an element in the deformed configuration, in the i-direction, and for that

dl,;=dx;. We have:
()" =(dL,)" = (dx,)’ - (dL,)" = 2n, (dx,)’
the square of the elongation is

T (afxl.)2 _ (dx,.)2

(dLi)2 (dx,»)z -2m; (dxi)z

From which equation (19) is deduced. Just as above, note that although dl; is parallel to the ¢-direction in the deformed con-
figuration, dL; does not have to have been parallel to this direction in the initial configuration.
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Other relationships which are convenient to quantify in
straining are:

- The value of the strain which is produced in a segment
which is initially orientated in any direction

- The value of the angle created in the deformed configu-
ration by two directions which initially form an arbitrary
angle

- The change suffered by an elemental area once de-
formed relative to the initial area in the reference config-
uration

- The change in volume of the membrane once deformed
relative to the initial volume in the reference configuration

All of these relationships, as will be seen, can be ex-
pressed as functions of the Green-Lagrange, or Almansi
strain tensors.

If dA is the area of an enclosure in the reference config-
uration and da is the corresponding area in the deformed
configuration, their values are related by :

@ = det
dA

w] —detF = det[ﬂ} (20)
9X

Jj

In order to demonstrate this expression without loss of
generality let us consider the area dA=dX-dY defined by the
elemental vectors dX and dY aligned with the axes 1 and 2
in the reference configuration. The deformed values will be
dx and dy, so that the deformed area da=dxdy sin6,, from
which we can write

da\ (dxY dy ’ 2 2
vV (1-cos’0,,)=(2E, +1)(2E,, +1)-4E},

in which equation (18) has been used along with the value
of the angle 6, obtained from EXERCISE 3. Given that the
Cauchy-Lagrange strain tensor is symmetrical and E,=FE,,,
we can write

da ’
(d—A) =(2E, +1)(2E,, +1)-4E,E, =
- det]2E, +5,] = det| Pe Pa | _ geg2| 222 (21)
- X, 0X, 0X,

and, making use of equation (14), we arrive at equation (20).
Observe that equation (21) —like equation (20)- is independ-
ent of the choice of the coordinate system, since the de-
terminant is a tensorial invariant. Note that in this example
da/dA=A, A,

From equation (20) we can calculate the change in vol-
ume of the membrane, letting its thickness be H in initial
(reference) configuration and h in the deformed configuration.
The deformed volume will be dv=hda and the initial volume
dV=HdA. Using equation (20) we see that

dv _ hda ﬁdet[a"(x’”] h
dV HdA H

=—detF (22)
0X H

Again, for this example dv/dV=hi,A,/H
When the displacement and gradient of the displacements
(du/0X 6 du/ox) are small, it can be seen that the second or-

der terms in equations (16) and (17) can be ignored. In these
circumstances the Green and Almansi tensors coincide

ou ( Ju )T
— + —
X \0X

called the infinitesimal strain tensor.

1

2

1

du, ou,
&; —L L
2

X, 0X,

Even though the membranes have a small thickness, the
bodies are not strictly bi-dimensional, and in order to ana-
lyse their behaviour adequately it is necessary to develop a
hypothesis about the deformation in the thickness direction.
Since soft biological materials have a high water content, and
this is nearly incompressible for most ordinary load levels, it
is often assumed that the membrane itself is incompressible
or, which is the same, that its density is constant.

It is also assumed that the movement of points in the
plane of the membrane (axes 1 and 2) is independent of their
position through the thickness (axis 3) or, in other words, the
function x = k(X, t), equation (1), does not depend upon the
coordinate X; for the point considered (x,=k(X,,X,); 2,=K,(X-
1X5)). In this way the problem can be treated as purely two-di-
mensional (with only the dimensions 1 and 2), adjusting, for
each point, the value of the thickness required to conserve
the volume.
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EXERCISE 2
Determine as a function of the Green-Lagrange tensor the value of the elongation 4, in an arbitrary direction N in the referen-
ce configuration N is a unit vector.

Apply the result to the deformation of the membrane in EXERCISE O.
SOLUTION:

Let dX=dLN an elemental vector along direction N in the reference configuration. Its deformed value is dx =dl n (n is a unit
vector). From equation (5)

J

dx=din=drt XD N o drn-dPi N,
aX %

J

performing the scalar multiple of this with itself, we obtain

(@)} = (L)' s,

1)

NN

m

9%, 0%,
0X, X,

and, using equation (14), the elongation becomes

2
@) s 9599 N _(2E

)\,2 = = 0..
N (dL)Z i 6Xl GXm Im

+ 6lm) Nle

or Ay =(2E,, +1) cos’a+2(E,, +E, ) cosa sina +(2E,, +1) sin’a

where « is the angle which the unit vector N form with the 1-axis, so N; = cosa and N,= sina.

When N is the unit vector in the 1-direction 1 (¢=0) we recover the expressions in equations (18).

If we apply the above result to the membrane in EXERCISE O we find that the elongation in the 1-direction is
1

Av i =2E, +1 =25(Af -D+1=A]

since dl,/dL, = A, , and the deformation is homogeneous (the same at every point) then ,/L, = 4, as well.

Equally, in the 2-direction

A}izi =2E, +1=2%()L22—1)+1=122

and

dly/dLy = ly/Ly=1, .




Mechanical properties 33

EXERCISE 3
As a function of the Green-Lagrange strain tensor, determine the angle 0y, formed in the deformed configuration by two arbi-
trary directions N and M in the reference configuration. N and M are unit vectors.

Apply the result to the deformation of the angle formed by the 1 and 2-axes in the membrane in EXERCISE O.

SOLUTION:

Let dX=dXN and dY=dYM be elemental vectors along directions N and M ein the reference configuration. Their deformed
values will be dx =dxn and dy=dy m (n and m are unit vectors). In order to calculate the angle subtended by dx and dy we
perform their scalar product:

ox. axj
|t dX N, dY M
dx-dy "X, 0X 1 " (2E1m +51m) NM, ) )
= = = in which we have made use of equations (5) and (14).
dxdy dxdy (dx/dX)(dy/dY )

cos Oy =

However, and from EXERCISE 2, we know that Ay =(2E,,+68,,) N,N,, and Ay, =(2E,, +6,,) M\M,,
(2E,, +6,,) N.M,,

Im Im

JRE,+8,) NN \J(2E, +6,) MM,

so that cosOyy, =

218y,

In particular, if N and M are the 1 and 2-axes, then: cos0,, = \/2E 1\/2E 1
nt »

In EXERCISE O, if we take directions N and M as the 1 and 2-axes, since E;, = O we obtain the previous expressions
cos6,,=0 and 6,,=90°. That is to say, the deformed angle corresponding to the right angle formed by the 1 and 2-axes re-
mains a right angle.

EXERCISE 3bis
Determine the relative change in the area and volume of the membrane in EXERCISE O.

SOLUTION: da\2
Using equation (21): (a) =(2E, +1)(2E,, +1)-4E,E, = A} A,

from which we obtain the relative change in area da/dA = 4,4,, where 4,, A, are the elongations of the 1 and 2-axes, respectively.

Given the homogeneity of the deformation we can see that this result coincides with the relationship between the total areas
of the membrane after and before the deformation:

(L, L)/ (L, L) =1,/Ly) (,/L,) =A A, since l;/L;=4;y l,/L,=1,, as was seen in EXERCISE 2.

On the other hand, from equation (22) we obtain the relationship between the volumes dv/dV

dv _hda
dV HdA H

1772

where H and h are the thicknesses of the reference configuration and that of the deformed configuration, respectively.

Conservation of volume, established in the statement of EXERCISE O, implies that the dimensions of the initial and deformed
configurations satisfy the relationship: {, I, h = L, L, H and bearing in mind that{, /L,=4, and [,/L,=4,, we obtain
A A, h = H, an expression which if introduced into the equation for the relationship between the volumes dv/dV leads to

v _ ﬁ)ul A, = LAI A, =1 conforming with the statement made in EXERCISE O.

dV H A A,
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Stresses and the stress tensor

Consider the two-dimensional body represented in figure 19a,
subjected to forces on its boundary, and the action of gravity.
Imagine a small segment of length Al, located in its interior,
together with the unit vector normal to it, n. This vector allows
us to distinguish space on either side of the segment Al; the
positive side, which is where n points and the negative side,
which is opposite. Furthermore, we assume that the body
has a thickness h, which is very small compared to the other
dimensions.

Examine closely the part of the material which is on the
positive side (the shaded area in figure 19a). This part exerts
a force AF on the other part. The force AF will depend upon
the location of the element Al considered, and its size and
orientation.

If the hypothesis is made that the quotient AF/(hAl), when
Al tends to zero, has a definite limit, the resulting vector

AF  dF
= lim — = —— 24
t= lm Al T hal 24

is known the stress vector at that point, which acts on dl (due
to the material on the positive part) defined by the normal
n. Observe that AF does not have to be parallel to n, and in
general it is not.

With the aim of explaining the notation used, consider a
small square of side dI orientated along the axes 1 and 2, as
shown in figure 19b, and the stresses acting on its faces. On
each one of them, the stress vector can be decomposed into
two vectors; one normal to the face and the other tangent to
it. In figure 19b this decomposition is shown on one of the
two faces perpendicular to the 1-axis. The stress vector t is
decomposed into the normal stress vector o, and the tan-
gential stress vector o,,. The other faces can be treated in an
analogous manner. The set of four stresses (0;;, 05, Oy, O23)
is the stress tensor oij(i, 7=1, 2), which characterises the
forces which act a point in the body.

The stress tensor o;; is symmetric and 0,,=0,,, so that
there are only three independent components (o, Oy, O3))-
If this tensor is known then the stress t which acts on some
inclined segment dl*, characterised by its normal n (figure
19c) is also known, through the expression:

t=on or ,=0,n, (25)

where n; is the component of the vector n in the j-direction.

2 AF a
1
2 b
011
dl|«—
(03]
1
2 C
n
O11 l t
012 dr*
021
$Gzz
1

Fig. 19.a) Definition of stress
b) Stress tensor notation
¢) Equilibrium of an infinitesimal element

Equilibrium of the element represented in figure 19b re-
quires that the following equations must be satisfied,

00, 00,

+ + =0
dx,  0x, P (26)
00, 00,,
—L—=4 =0
ox,  0x, P8

where g, and g, are the components of the gravitational ac-
celeration along the 1 and 2-axes, and p is the density. The
equilibrium equations (26) are none other than the statement
that the sum of all of the forces on the element is zero.

The following exercises are intended to help the reader gain
familiarity the above concepts.
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EXERCISE 4
Show that the stress tensor is symmetric.

SOLUTION:
If we consider equilibrium of moments about lower right corner for the square dl x dl of figure 19b, (and taking the thickness
of the element to be h) we obtain:

ok (AD)?— oy h (AD*—pgh(dL)?/2 —pg,h (d1)*/2 = O

In the limit as dl— 0 it is concluded that 0,,=0,;.

EXERCISE 5
Prove the equation (25)

SOLUTION:
Considering figure 19c, equilibrium of the elements along the 1 and 2-axes gives:

L hdl*— oy hdl*ny— oy hdl*ny,+ p g,k (dl¥)*nin, /2 =0

Lhdl*— o, hdl¥ny— 0y hdl*n,+ p g, h (dl¥)*nyn,/2 =0

since (hdl*n,) and (kdl*n,) are the projections of the area (hdl*) along the 1 and 2-axes, respectively and ph(dl*)* n, n,
/ 2 is the mass of the element. g, and g, are the components of the gravitational acceleration along the 1 and 2-axes.

In the limit as di*— O for the above expressions, and exploiting the symmetry of the stress tensor we arrive directly at

2 o, +0,n, 0,0, || M ) i
= = matrix notation
f 0,1, +0,N, 0,05 || 1,

which can be written as

L, =0;n; coordinate notation
or also
t=0n vector notation

which are the two forms of equation (25).
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EXERCISE 6
Derive the equilibrium equations (26).

SOLUTION:

In order to obtain the equilibrium equation, we must consider the changes in the in the stresses acting on the differential ele-
ment in figure 19b, along the 1 and 2-directions. The stresses acting on the left and lower faces will be o,,, 0,,, 6,, and o,,,
while the stresses on the right and upper faces, which are displaced by distances dx,(= dl) and dx, (= dl) respectively, will be

O+ (001,/02,) dxy Y 045+ (30,,/d%,) dax, on the right face
O+ (004,/02,) Aoy Y O+ (004,/02,) dac, on the upper face

The equilibrium equations corresponding for the element will then be:
— Oy, hdxy — 0, hdx; + (0y;+ (007,/0x1) dx; ) hdx, + (05 1+ (0021/9x3) dxs) hdx; + p g h dx; dx; =0

— Oy, hdx) — O, hdxy + (Gyy+ (9002/dx2) dixs ) hdx; + (Oy+ (90712/x;) dxy) hdxy + p goh dx; dxz = 0

cancelling terms and eliminating k dx, dx, we obtain the equations

aoll/axl+aa2l/ax2+pgl [0 i i
= matrix notation

00,,/0x,+30,[0x, + pg, | |0

which are equation (26), and which can also be written as

d0 ;

—++pg; =0 coordinate notation
ax,

or

dive + pg =0 in vector notation..

Observe that the use of the updated stresses (that is, considering their variations along the 1 and 2-axes) on the right and
upper faces in figure 19b for the calculations performed in EXERCISE 5, does not change the result since the terms added
to the moment equilibrium equation —((do,/dx,)dDh(dl)*/2, —((30,,/dx,)dl)h(dl)* and —((d0,,/dx,)dl)h(dl)*/2 are higher order
infinitesimals.

022
: ‘ton

dl|——

012

0979

di 1

i
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Up to now we have only considered stresses generated by
forces acting in the plane of the body. However, there can also
be forces acting perpendicular to the plane, such as when the
membrane of a balloon is subjected to pressure. Figure 20
illustrates such a situation. In this case the membrane must
be curved in order to balance the pressures exerted on its
faces, and an equation of equilibrium in the thickness direc-
tion must be added to the set of equations (26):

p=h|g1, T2 (27)
Rl RZ

in which R; is the radius of curvature in the i-direction. Equa-
tion (27) is known as Laplace’s law.

Fig. 20. Equilibrium of a curved membrane element subjected to pressurec.

EXERCISE 7
Prove equation (27).

SOLUTION:

figure 20 we have
pdldl, =2 0, hdl, dp,— 2 6,y hdl, dp,—p g, hdl,dl,=0

eyeball (14mmHg = 2kPa).

p dl,dl, - 6,, hdl, dl,/R,— oy, hdl, dl,/Ry,— p g, hdldl, =0

Equation (27) is obtained assuming equilibrium along the normal to the element dl, « dl,. Considering the forces shown in

where g,, is the component of the gravitational acceleration along the normal to the element. In the above equation we have
used the approximation sin(de,) = dp,. Also since 2 dy, = dl, / R, and 2 d¢, = dl,/ R, then

which leads directly to equation (27), if the self-weight of the element is ignored. This last assumption is reasonable given
that for thicknesses of less than a millimetre the term hpg,, is less than 10Pa. This value is several orders of magnitude
less than the usual physiological pressures such as the pressure measured in blood vessels (100mmHg = 13kPa) or the
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The fact that biological membranes undergo large defor-
mations, and as a result the initial and deformed configura-
tions may be very different, makes it necessary to clarify in
which configuration (initial or deformed) the force and areas
are expressed for use in equation (24) which defines the ten-
sion vector t.

Depending upon the choice of one or the other it is possi-
ble to make the following definitions:

- Cauchy stress vector t or true stress vector, defined as
the force acting in the deformed configuration per unit area in
the deformed configuration. That is to say

t= i (28)
hdl

in which dl and h are the values of length and thickness in
the deformed configuration.

- First Piola-Kirchhoff stress vector, p, nominal (or engineer-
ing) stress vector defined as the force acting in the deformed
configuration per unit area in the initial configuration. That is
to say:

df

= 29
P=Fr (29)
in which now dL and H are the values of the length and thick-
ness in the initial configuration, corresponding to dl and k. Note
that in equations (28) and (29), the force vector f is the same.

- Second Piola-Kirchhoff stress vector, s, also defined in
terms of the unit area in the initial configuration, and using the
force referred to the initial configuration

dT

§=—0 (30)
HdL

T is the vector corresponding to vector f (=the force acting
in the deformed configuration) according to the relationship
which connects the vectors dX and dx, equation (6), that is

to say:
= X
=8K—(X’t)f=F-‘ f or TFL

0x ax‘/.

T f, (31)

Vector s has no obvious physical meaning but it is intro-
duced, as will be explained later, because the corresponding
stress tensor is symmetric, and also is the conjugate* of the
Green-Lagrange strain tensor.

From these different stresses, and following the develop-
ment in the previous paragraphs, it is possible to find the
corresponding stress tensors. Therefore, we will define the
stress vectors of Cauchy o, and of the first Piola-Kirchoff, P,
and the second, S.

We have that:

t=0n L, =0,n;
p=PN p= Rij (32)
s=SN s; =8N,

which correspond to equations (25), and which provide knowl-
edge of the stress vectors in the deformed (t) or the ref-
erence configuration (p, s) from the stress tensor and the
direction normal to the segment on which the stress acts.

The first Piola-Kirchhoff stress tensor P is a function of the
Cauchy stress tensor s and given by:

-1 r
BK(X,Z‘)} o K a(xvt):| =%detF O'F_T (33a)
X

P=£det
H

X,
P =t et P | 5 0%
' H X, dx

(33b)

m

which is not, in general, symmetric, even though 0yj is.

The second Piola-Kirchhoff stress tensor S is also a func-
tion of the Cauchy stress tensor o and given by:

-1 -1 T
s g [ KX D] [ xn)] fax ] _
H 0X 0x 0x

I detF FoFT (34a)

H

0X.

S =M ger| e | IXiO%; (34b)

" H |0X,| dx, ox,

4 In mechanics, it is said that two quantities are conjugate when their product permits calculation of the work done.
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Alternatively, we can write which is no more than the solution for ¢ in equations (33)
and (34). As can be seen, Sij is symmetric, since o is, and
o H 1 PF’ o o - H 1 p 0x; (35) also the product of the derivatives. The proofs of the previous
h detF Yoh det[axa/aXﬁ] "aX, equations can be can be found in the reference texts.
H 1 . 0X,
- FSF o o=t g (o
h detF " h det[ox,/0X,]0X, 0X,
EXERCISES

Calculate the Cauchy and Piola-Kirchoff stress tensors for the deformed membrane of EXERCISE O.

SOLUTION:
The Cauchy stress tensor follows from equations (28) and (32)
f f
O”=—1 022=—2 and 012=O.2]=O
L,h Lh

Similarly, the first Piola-Kirchhoff tensor follows from equations (29) and (32):

f f
P=—— P,=—2— and P, =P, =0
"“LH ® LH B

The same result can be achieved by applying equations (33) and bearing in mind that for this problem
and that 1,/4,=L, and 1,/A,=L,, as was seen in EXERCISES O and 2.
The second Piola-Kirchhoff tensor follows from equations (30) and (32)

in which we have calculated the forces in the reference configuration according to equation (31):
B 1 f B 1 f,
MLH 7% A LH

" and S,,=5, =0

The equivalent result for S is obtained from equations (34).

f; e SREOREEEEE:

[
e ——

Iz fi i |
fl — :
fi R
f> '_:q ____________ |

fi
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2.2.3. Example: Homogeneous biaxial test

The biaxial tensile test (figure 21) was illustrated in EXER-
CISE 0, and analysed in the subsequent exercises. The con-
clusions reached are summarised in this section, grouping
the results obtained, for greater clarity and use in other ex-
amples.

The experiment consists of subjecting a homogeneous
isotropic membrane to a uniform load under orthogonal forc-
es £, f,, which produce the same strain at every point (ho-
mogeneous). Furthermore, it is assumed that during defor-
mation the volume remains constant.

In the reference configuration, the initial values (length,
width and thickness) are: L,, L,, H.

In the deformed configuration, the values will be I,=4,L,,
l,=A,L, and h, to satisfy conservation of volume, requires
thatl,l,h=L,L,H.

Fig. 21. Homogenous biaxial test. Geometric and loading notation.

The displacement equations for directions 1 and 2 are,
respectively,

x=AX, x,=AX, (37)
and,
X, =x/A,  X,=x,/A, (38)

In which it has been assumed, for convenience, that the
origin of the coordinates does not change its position with
the deformation.

The displacement vector u; is given by equation (3)
u=(A-DX, u,=(A,-DX, (39)
or, equation (4)

u=(1=-A"x,  u,=(1-24]")x, (40)

The Green-Lagrange strain tensor E;;, (14) equation (14),
in this simple example, is reduced the diagonal (£}, E5,)
whose values become:

1 1

1/., x 1/,, X2
EH=5()Ll _1)=§(X_lf_ ) and E22=5()\.2 _1)=5(X_222_ (41)

Similarly, Aimansi strain tensor, 1;;, (15) equation (15) is
also reduced to the diagonal (1,, 17,,), and given by

1 1) 1{. X 1 1) 1, x?
=—|l-—|==|1-—=| and = |1-—|=—|1-22| (42
i 2( xf) 2( ) e 2( x:) z( )( )

In both cases, for small deformations (A1=1+¢, with ¢ be-
ing very small), the two tensors coincide with the tensor ¢;;in
equation (23) which, for this example, become:

E,=n,=¢,=A-1 E,=n,=¢,=A-1 (43)

The Cauchy stress tensor is, following equations (28) and
(32),

and 0,=0, =0 (44)

The first Piola-Kirchhoff tensor is given, from equations
(29) and (32), or alternatively, equation (33), by

P, = and P,=P,=0 (45)

The second Piola-Kirchhoff tensor is, according to equa-
tions (30) and (32), or alternatively equation (34)

with the forces in the reference configuration equation (31):

f f
T1=7'lel and T2=72]e2 (47)
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2.2.4. Example: Extension and inflation of a thin tube

The extension and inflation of a homogeneous thin-walled tube
made from an isotropic material is now considered. The pro-
cess is represented in figure 22a.

The tube is taken to be right and infinitely long, loaded uni-
formly by axial forces fy and an internal pressure p.

We assume that the tube remains right and maintains a
circular cross section, undergoing an affine deformation pro-
cess. This is the case for an isotropic material, and also for
an anisotropic material provided it has material symmetry
with respect to the 3-axis?®.

In this development two different coordinate systems will
be used, the cartesian formed of the 1,2 and 3-axes (figure
22b) and the cylindrical (7, 0, z) (figure 22c), both centred on
the axis of the tube. In this way, as well as familiarising the
reader with the representation of both systems, we will take
advantage, as the occasion arises, of the symmetry of the
problem.

In the reference configuration we assume that the tube
has a thickness H, radius R and length L. In the deformed
configuration, the values will be i, » and L.

tr g
2 —
—»
- —»
— — 2
= =
1
— —
L
~ |

If (e;, e,, e5) is the standard basis for the cartesian coor-
dinate system (figure 22b), the position of a point X=X,e,+
X,e,+X5e, in reference configuration after deformation will
be:

x=AXe +1,X,e,+A.X e, (48)

which we can recognise as the set of equations (1). The
non-dimensional parameters 1, and 1, define the state of
deformation of the tube at a particular instant, and reflect
the fact that the tube is homogeneous. Observe also that, by
the symmetry of the problem, the deformation along the axes
e, and e, at any point, must be equal. In equation (48) we call
Ay —for reasons that will become apparent shortly— the unit
elongation in both directions. The dimensions of the tube will
then be r=Ay Rand l=A; L,

€o

+—
=t

€1

Fig. 22. Extension and inflation of a thin tube
a) Loading

b) Cartesian coordinates

c¢) Cylindrical coordinates

3 This material is termed transversely isotropic, and its behaviour is the same in all directions situated in planes perpendicular to its axis of symmetry.
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From equations (5), (14) and (15), it is possible to obtain
the strain tensors. In our case, and given that we are using
a three-dimensional coordinate system, the indices (,j) take
on the values 1, 2 and 3. A simple calculation leads to

}“9
K _p- Ay (49)
X
)\’3

and Green and Almansi strain tensors

Ag =1 1-1/4;

1 1

E- A -1 n=3 1-1/4; 50)

A -1 1-1/A;

The three-dimensional approach here is different from
the two-dimensional situation considered previously for
the membranes represented in figure 21, since due to the
curvature of the tube no pair of coordinate axes is contained
within the surface of the membrane. The strains obtained
using equations (50) are referred to cartesian axes which
are not parallel to the membrane, and the values will not be
directly comparable to the results of other tests such as —for
example- the biaxial tensile test discussed in the examples
above.

Given that the tensors in equation (50) are diagonal, and
also have the same values for axes 1 and 2, any other ortho-
normal reference system which contains the 3-axis will provide
the same values, since any line perpendicular to the 3-axis is
a principal axis of strain. In other words, if we rotate the 1
and 2-axes together by an arbitrary angle about the 3-axis, in
order to obtain the axes 1’, 2" and 3, the value of the tensors
represented in the new coordinate system will be exactly the
same as with the 1, 2 and 3-axes*.

In particular, if we consider the cylindrical axes represent-
ed in figure 22c, the above rationale leads to the unit elon-
gation in the circumferential (defined as e,) and the radial
(defined as e,) directions —directions rotated from the 1 and
2-axes- being the same for the two axes, equal to 4,, (that is
to say, 4, =44), and

h=AH=MH (51)

4 This result can be proved by applying to the tensors in equation (52) QB about the 3-axis by an angle 8, Q;=

tensor A transforms under rotation as A’=QAQ"

If, in addition, conservation of volume is considered

2nrlh=27RLH (52)

SO

L H (53)
)\’0)\’3

which only agrees with equation (50) in the particular case
that ;= 1/4,°.

If we set out the problem using the cylindrical coordinates
shown in figure 22c¢, we define the points X in the reference
configuration by their coordinates (R,0,X;) and those of the
deformed configuration x by (r,0, x;). The relationship be-
tween the coordinates of the corresponding points, according
to the assumptions made, are

r=A,R
60=0
x3=)"3X3

Expressed in terms of the axes (e, ey, e;), the position vec-
tors are

X(R,0,Z)=Re, + X,e, (55)
for the reference configuration, and for the deformed
x(r,0,z)=re, +x,e; =A,Re +A.X,e, (56)

The deformation gradient tensor F=0k(X)/0X is obtained
from equation (5), expressed in cylindrical coordinates (Hum-
phrey, 2002, Appendix Il), yielding:

or 1or  or
R RO 0X,

98 r 90 00
F=\r— — r—
OR RO  0X,
ox 1oy ox

IR RO 0X,

(57)

which, as we now know, results in the strains in equation (52).

cosf3 senf
—senf3 cosf3
1

and bearing in mind that a
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We see once again —this time in cylindrical coordinates—
that if we consider the three-dimensional problem with the
movement of equation (54) the conservation of volume hy-
pothesis is not satisfied. However now, given that the plane
(eg,€5) is always parallel to the surface of the tube, we can
decouple the dimensions of the study and force the conserva-
tion of volume condition of equation (52). With this approach,
the deformation of the tube can be analysed by decompos-
ing the movement into that of the tangent plane (e, e;) (=
two-dimensional movement) together with a deformation in
the thickness direction of the tube (e,) which is given by the
unit elongation A,. We can then force the condition that the
unit elongation 4, need, not be equal to 4, s was obtained from
equation (57), without requiring satisfaction of the condition.

(58)

which is a sufficient approximation for thin tubes.

Under these conditions, the deformation gradient tensor in
the tangent plane (eq, e3) will be

ro0- 9
RO 090X A
K _F- | (59)
X Lox,  axy Ay
RO 0X,
and the Green and Almansi tensors
e 1A -1 4 11-1/2;
=— an ==
2 A-1 2 1-1/A (60)

which indicate that the circumferential (ey) and axial (e;) di-
rections are stretched, with elongations A, and 45 respectively.
The deformed thickness h is obtained from equation (58).

The displacement vector u=x-X becomes

u=(A,—DRe, +(A,-1)X,e, (61)
and the small strain tensor —equation (23)- is equal to
A, -1
e=|" (62)
Ay =1

which coincides with the value of E and v for small values of
Agand A5.

The Cauchy stress in the axial direction o, can be calculat-
ed directly from its definition in equation (28)

A
2nrh  2nRH

(63)

033

in which we have used equations (54) and (58).

The Cauchy stresses in the circumferential direction o0,, can

be deduced from the Laplace law, equation (27) taking into

account the fact that the radius of curvature in the circumfer-

ential direction is r and its value in the axial direction tends to

infinity (for a right tube)
pr pk;)%R

0, ==
0= H

(64)

From the symmetry of the problem oy; = O, so that the
Cauchy stress tensor is

AZAR
p 67"3

H
o= 65
a (65)

f
2nRH

and the Piola-Kirchoff tensors, deduced from equations (33)
and (34) become

p)Lg)L3R AR
p-| H s-| (66)

The stress in the radial direction o,, is not defined in the
two-dimensional approximation that we have used. However,
we can narrow down its value given that on the internal sur-
face of the tube it must be equal to the internal applied pres-
sure (- p) and zero on the exterior surface. Given the small val-
ue of the thickness of the tube, it is usually considered in the
stress analysis that the radial stress does not diverge much
from these two values, and frequently its value is ignored com-
pared to the much higher values of gy and o;;.
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2.2.5. Constitutive equations

So far we have considered the mathematical description of
the deformation of a solid, the definition of the state of stress,
and have derived the equilibrium equations for a differential
element, but said nothing about the nature of the material.
It seems obvious that the mechanical behaviour will be very
different if we examine the deformation of the mesoglea of
an anemone or the dilation of an aorta, differences which
come from the distinct natures of these materials.

On the other hand, the information provided by the
three equilibrium equations and the conservation of mass
equation are not sufficient to provide a knowledge at every
point in the body of the seven variables necessary to solve
the problem; the three components of the stress tensor, the
two components of the displacement vector, the thickness
and the density (which can be depend upon position). The
equations must be supplemented by other relationships
which characterise the physical properties of the material
in question; these equations are known as the constitutive
equations.

In general, the theory for the development and application
of constitutive equations are quite complex, and beyond the
scope of this book. Sufficient to say that the constitutive
equation describes a physical property of the material and
must, therefore, be independent of the reference coordinate
system. Consequently, it has to be a tensorial equation.

In this book we will only consider some very simple
examples of constitutive equations, in order to give the reader
an idea of how to proceeded in other cases. Bear in mind that,
in general, the deformations in soft biological materials will
be large, (not small, as in hard structural materials), possibly
depend upon loading history, temperature, humidity and the
loading rate and, in some cases, may produce rupture of the
material.

Constitutive equations are significantly simplified when
there is no residual deformation (when the stress is removed
the strain is also zero). Even so, its dependency on the time
variable through the loading history (as in the viscoelastic
examples discussed in our earlier study of fibres) makes
them complicated because, in the stress-strain curves,
the loading curve does not usually coincide with that of
unloading. In these cases, the concept of pseudo-elasticity
can be useful.

Another step towards the simplification of these equa-
tions is when they don’t depend upon time, and the loading
and unloading branches of the stress-strain curve coincide,
that is to say, there is a one-to one correspondence between
stresses and strains. In these circumstances the material
behaves elastically and it can be shown that the stresses
can be derived from a potential, either the internal energy
U, or the free energy F' = U — TS per unit volume. (Capaldi,
2012, for example).

In the particular case in which the strains depend only
upon mechanical causes (when there is a function for the
energy which only depends upon the deformation), the
constitutive equations are simplified even further. Such
materials are usually called hyperelastic.

Until recently, the constitutive equations for soft biological
materials were hardly known. This lack of information has
impeded the development of this branch of Materials Science;
unable to model these materials, devise experiments, or
interpret their results and make predictions. Experience with
the continuum mechanics of metallic materials, ceramics
and elastomers has not been sufficient to address the study
of tissue and blood vessels. Later we shall briefly describe
some of the simpler experiments and their results, which
can help model the mechanical behaviour of these complex
materials.

Hyperelastic constitutive equation

If W,, is the energy, per unit mass, due to the deformation of
the body and p, the density of the body in the reference con-
figuration, w=p,W,, will be the energy due to the deformation
per unit volume of the body in the reference configuration.
This energy coincides with the internal energy per unit volume
in isentropic processes and with the free energy per unit vol-
ume in isothermal processes.

If W:f(Ei}.) is expressed as a function of the components
of the Green-Lagrange strain tensor E;; equation (14) (recall
that in this case the strains are taken with respect to the
reference configuration), it can be shown (see, for example,
Y. Fung 1993) that:

S - ow (68)
9E OE,

which indicates that the second Piola-Kirchoff stress tensor
is the thermodynamic conjugate of the Green-Lagrange strain
tensor®. From this result it is possible to obtain the compo-

® When this expression is used care must be taken when writing the non-diagonal terms E;; and Ej; inside the W function, since even though E;; = E; in

each case W must be differentiated with respect to a different argument.
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nents of the Cauchy tensor using equation (36) below.

e H 1 o ox,
oo L pepr o g ML anin
h detF h det[ox/0X,]0X, X,

In the previous paragraphs, we have assumed that the
analysis is two dimensional, and that the indices i, j, ¢, £,
etc... take on the values 1 and 2, which define the axes in
the plane of the membrane. The only deformation considered
in the 3-direction —perpendicular to the plane of the mem-
brane- is the change of thickness h/H. If the membrane is
incompressible, the change in the thickness h/H will compen-
sate for the change of volume produced by the deformation
(= change in area) in the plane of the membrane.

It is important to note that if the strain defined by F does
not change the area (detF=1, equation (20)) and the function
W does not depend upon the area of the membrane, any
hydrostatic stress ¢q1 defined in the plane of the membrane®
added to the result of equation 36 will satisfy the constitu-
tive equation, since it produces no work because the area
of the membrane remains constant. In this case the correct
expression for calculating the Cauchy stress tensor ¢ at a
given point will be

_H oy, o,

J

O, =
" h X, 0X,

o= %FSFT +ql  or S+ 40, (68a)

where the value of the parameter ¢ must be determined from
the boundary or equilibrium conditions.

The stresses through-the-thickness (0,3, 0,3, 033) are not
considered in the two-dimensional calculation and must be
estimated separately (or neglected), as was shown in exam-
ple 2.2.4.

A frequent alternative, mostly in non-planar membranes
such as the walls of blood vessels, is to develop directly the
three-dimensional problem in three spatial coordinates in the
deformed and reference configuration x(x;, X,, X3)=k[X(X,
X,, X;5)], and using equation (5a) to obtain the three-dimen-
sional deformation gradient tensor F. This process was al-
ready used in example 2.2.4 to obtain equation (52).

The three-dimensional analysis leads again to equation
(68a), which remains valid but with the indices taking on
the values 1, 2 and 3, and the stresses and strains obey-
ing the same conventions and notation as those used in the
two-dimensional case. Thus, the components of the second
Piola-Kirchhoff tensor S will be (S}, S5 S,,) in the plane of
the membrane and (S5, Sy, S33) through-the-thickness. Note
that now detF becomes the membrane volumetric strain dv/
dV, qwhich incorporates the variation due to the thickness
(included in an independent form) by means of the term h/H
in equation (36). Then the Cauchy stress tensor is given by

1 ox. 0X.
L (68Db)

FSF' or o,=——— ———t 1§
7 det[ox,/0X,]0X, 0X,,

1
O =
detF

with components (o,;, 05, 0,,) in the plane of the membrane
and (0,3, 0,3, 033) through the thickness.

In a parallel manner to that in the two-dimensional sit-
uation, when a deformation which conserves volume —and
therefore detF=1- and also when an energy deformation
function 7/is not sensitive to the volume change of the mem-
brane, each stress given by the expression

dx, O0x

or Oi/’ = K aX/ S/m + qai/' (68C)
l m

o =FSF’ +41

will be a solution to the constitutive equation, since an arbi-
trary three-dimensional hydrostatic stress” q1 will produce no
work on the membrane while its volume is conserved. The
value of the parameter q is determined, as mentioned above,
using the boundary or equilibrium conditions of the problem.
In this case it is not necessary to make any estimate of, or
hypotheses about, the through-the-thickness stresses, since
these are all obtained directly from equation (68c).

Not all elastic materials can be described by means of
a strain energy function, those in which it is possible are
called hyperelastics, as already noted above. Observe that
equation (68) is biunivocal: for every state of stress there is
a corresponding strain state and vice versa.

Biological materials, and in particular tissues, are not
perfectly elastic. However, in some circumstances, when it is
possible to precondition them they can be treated as pseudo-
elastic, in the sense discussed previously. In these cases, itis
possible to propose a pseudo-strain energy function, valid for
the increasing strain branch and another for the decreasing
strain of the stress-strain response.

6 1 is the two-dimensional unity tensor in the plane of the membrane. The parameter ¢ may be a function of position.

7 Observe that here 1 is the three-dimension unit tensor.
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In order to illustrate and cement these ideas we will
summarise, below, the development of a pseudo-constitutive
equation for the epithelium of a rabbit, as obtained by Tong
and Fung (1976) using data from Lanir and Fung (1974).

The authors began by proposing the following empirical ex-
pression for W=p,W,,:

W=%{f(a,E)+cexp[F(a,E)]} (69)
where

f(a,E)= a1E121 +(12E222 +O£3E122 +O£3E221 +20,E, E,), (70)
F(a.E)=aE} +a,E;, +a.E, +a,E;, +2a,E, E, (71)

From equations (67) and (69), the components of the sec-

ond Piola-Kirchhoff tensor, S;;, are given by

S,=o.E +a,E,+cAB
S, =0,k +a,E,, +cA,B
S, =0,E,+ca,E,B (72)

where

Al = a]E]] +a4E22 Az = a4E11 +a2E22
and

B=exp[F(a,E)] (73)

Calculation of the constants «, a,, a5, a4, a4, @,, a5, a, and
c is achieved from experimental results in the biaxial tests
discussed above. In this case S;,=0, since E,,=0.

Two experimental curves (preconditioned, as discussed
previously) are shown in figure 23a; one in which 4, is held
constant (A, = 1) and 4, varies, and the other in which 4,
varies while keeping 4, constant (1; = 1).

In order to calculate the constants, two points have been
selected in each test; one where the force varies rapidly with
the elongation (points A and C) and the other where the force
varies slowly with the elongation (points B and D). At each
point the values of the coordinates and slope were measured
and equated to the values of S;; and S,, and their corre-
sponding derivatives with respect to E,; and E,,. (See Tong
and Fung (1976) for details. Here, the aim is only to outline
the way forward).

With the values obtained, the function % (E;c;,a;c) for
the rising part of the force-elongation curve is now known,
and from it good agreement with the two experiments is
achieved, as shown in figure 23b. Authors, Tong and Fung,
noted that it is not surprising that the agreement was good,
since four points on the curve were used, but it is remarka-
ble that the whole curve was reproduced quite well given the
nonlinear behaviour of the epithelium.
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Fig. 23. a) Force-elongation curves, for rabbit epithelium, corresponding to
two preconditioned biaxial tests (Lanir and Fung, 1974).

b) Numerical results (o) obtained from the data in figure 23a (see the explana-
tion in the text) (Tong and Fung, 1976).
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Pseudo-constitutive equations, similar to but even simpler
than equation (69), have been developed for other tissues,
by ignoring the first term, that is:

W =cexp[F(a,E)] (74)

For artery walls and for pulmonary tissue Fung and co-
workers have developed equations like (74) and which work
reasonably well (Fung 1975, Fung et al. 1978, Vawter et al.
1979).

An ambitious objective, when constitutive equations need
to be formulated, is to relate the structure of the material to
its properties. In general, the aim is to go from bottom to top;
starting with the properties of the molecules and microscopic
structure to deduce the macroscopic behaviour. Or, starting
with the macroscopic behaviour, to try to understand the role
played by the microscopic constituents of the material. In
either case, the intention is to enhance knowledge of the
relationship between the structure and mechanical behaviour.

To cite some examples along these lines, Viidik (1968,
1990) developed a tissue model based on collagen fibres
which are progressively loaded by increasing the deformation.
Lanir (1979) improved Viidik’s first model by assuming that
tissue is a material composed of elastin and collagen fibres,
which come under load at different stages in the deformation
process. Shoemaker and Fung (1986) have developed a
similar model for human skin and the pericardium of a dog.
Despite obtaining good results the authors recognised that
there was a lack of information on the microstructure of
these materials and their fibres.

Following another approach, not based on microstructural
data, Kwan and Woo (1989) developed models which
reproduce the nonlinear relationships between stresses
and strains for tendons and ligaments. With an undulating
form of collagen fibres, they proposed a model in which each
fibre is formed of two components; a very flexible one, which
reproduces the initial part of the stress-strain curve and the
other, more rigid, which captures the final, stiffer, part of the
response. The model consists of a judiciously chosen bundle
of fibres which is capable of reproducing the experimental
results reasonably well.

EXERCISE 9

ideas (Fung 1975).

U=c exp(a,E} +a,E}, +2a,E, E,,)

practically bidimensional.

energy in an isothermal process.

SOLUTION:

8y =2¢(&,E,, + a,EyYexp(a, B, + 4,E;, +2a,E, Ey)
S,=0
Sy, =2c(a,E,, +a,E, )exp(a,E;, + a,E;, +2a,E, E,,)

For pulmonary tissue, Y. C. Fung proposed the following equation for the internal energy, based on previously expressed

in which it was assumed that the through-the-thickness strain could be ignored, compared to E,; and E,, and behaviour

The strain energy, as already mentioned, coincides with the internal energy U ein an isentropic process, and with the free

Under these conditions, calculate the corresponding stress tensor as a function of the material constants (a,, a,, a, and c).

From equation (66) we obtain the stresses in the second Piola-Kirchoff tensor

In order to obtain the Cauchy stresses from equation (36) we need to know the deformation gradient tensor, F=dk/0X,
gwhich depends upon the type of deformation x=x(X,¢) to which the solid is subjected.
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EXERCISE 10

Calculate directly the value of the strain energy in a tensile test on an elastic material as a function of both the engineering
and true stresses and strains in the test. Compare its value with that obtained from equation (68). Hint: use the results
of example 2.2.3.

SOLUTION:
The example analyses the case of a state of biaxial tension. For a uniaxial tensile test f;=F and f, =

If the material is elastic and there are no dissipative processes, the work Fdl, done by the tensile force F'is stored entirely
in the form of elastic strain energy. The value of the energy per unit volume in the reference configuration (= initial, unde-
formed) W will be the integral

1

W = Fdl, =
LLH LILH

])fdk

in which L, L, H is the initial volume, s=F /(L, H) the engineering stress and 1=[,/L, the elongation of the specimen.
Since, A=1+e ,and e=(1,—-L,)/L, the engineering strain, we have di=de so that the resulting value is W—f] sdA = f sde
which is the area under the engineering stress-strain curve (s, e).

If we refer to the elastic strain energy in the instantaneous configuration the result is

w:L I'Fdl— "iﬁ f
LLh

where 0=F/(l,h) is the true stress and de=dl,/l, the differential of the true strain (see the section dedicated to the ten-
sile test in the biological fibres volume). Now we recognise the value of w, the elastic strain energy per unit volume in the
instantaneous configuration, as the area under the true stress-strain curve (g, €).

In order to apply equation (68) S-- =dW/ oE;; which relates the energy per unit volume in the reference configuration and
the second Piola-Kirchoff stresses we will use equations (46) which lead to
1 F S

ST THA
1 2

Szz =Slz =Sz| =0

A partir de la ecuacion (68) obtenemos From equation (68) we obtain
aw= Y ag, =5,dE, = 5, dE, = > dE,
OE; A
since Sy is the only non zero term. The Green-Lagrange strain is obtained from the value just calculated

E, =%(Af—1)

and differentiating it we see dEy=4,d4,=AdA, which leads to W= [ dw= [ fsd)L

coincident with the result obtained directly.

If J=1,l,h/(L,L,H) is the ratio of the deformed and undeformed volumes, the strain energy per unit volume in the deformed
configuration will be simply
o =wW/J, given by

w=ﬂ=l xsd)ﬁfoleH F dA=f LT dl]=f£odg
J JY! U ILh LH "y L Q

Note that when J = 1 both specific energies coincide.
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2.3. EXPERIMENTAL AND
CHARATERISATION TECHNIQUES

The objective of this section is the summary description of
the most common two-dimensional mechanical tests used to
characterise biological membranes.

The essential aspects upon which the experiments are
based are emphasised, without going into details of the ex-
perimental equipment, which can be found in the cited refer-
ences. Besides, there is not much point in delving into these
details because data acquisition and reduction techniques
evolve rapidly and soon become obsolete.

The experiments discussed below are specific to bidimen-
sional materials. This does not meant to exclude other types
of tests, such as tensile tests (already mentioned in the first
volume) or, tests developed for three-dimensional materials,
such as indentation or fracture (which will be presented in the
following volume).

To begin with, tensile tests in two perpendicular directions
are described. Experiments on tubes are also discussed,
when these are subjected to combined traction and internal
pressure, and even torsion.

Several fracture tests are also outlined: The tear resist-
ance is an interesting property of tissue, in particular of the
epithelium. Another rupture test —the peel test— provides
knowledge of the adhesion energy between the membrane
and the substrate. To this end, two experiments are dis-
cussed; simple peeling and the tympanum test.
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2.3.1. Biaxial tensile tests

Biaxial tensile tests on soft biological material tissue are
difficult to perform and analyse. To begin with, gripping the
specimens is complicated if damage to the material is to
be avoided and the application of forces to the edges is not
easy. Measurement of the deformations must be made using
optical processes (contact extensometers could disturb the
measurement due to the flexibility of the specimen and the
reaction of the sample, if it is alive). The anisotropy, which
is almost always present in these tissues, also makes the
interpretation of data a complex task.

For these experiments thin specimens are used —less than
3 mm thick and often less than 1 mm- loaded with forces
acting in the plane of the specimen. The general arrangement
of the biaxial test on a membrane is shown schematically in
figure 24. In practice the sample is almost always immersed
in a saline solution and tested at a controlled temperature.
Actuator

load cell

Specimen Optical marks for

*

|| Actuator load cell

Saline solution I ------- - : ---------- o
heat stabilized
7

Fig. 24. Schematic arrangement of a biaxial tension test.

The loads are applied in the directions indicated in the
figure and displacements measured optically using marks
drawn in the centre of the membrane, in a region in which it
is assumed that the loading constraints have no influence,
and in which it is assumed that that the strains and stresses
are uniform.

With this arrangement it is possible to perform a range of
tests; uniaxial tension, biaxial, creep or relations, and dynam-
ic. For more details, see for example, Sacks (1999, 2003).

displacement measure

Several curves obtained from uniaxial tests on cat epithe-
lium (Veronda and Westmann 1970), donkey and rhinoceros
(Shadwick et al. 1992) are shown in figure 25. Epithelia can
be modelled as if they were materials composed of elastin
and collagen fibres embedded in a protein and polysaccha-
ride matrix. In these tissues forces are resisted primarily by
the elastin and collagen fibres. The elastin fibres are much
more flexible than those of collagen; they have an initial elas-
tic modulus of about 0.6 MPa and can be strained up to
200%. The collagen fibres form a plushy mass which gradual-
ly align with the loading direction as the tissue deforms. Con-
sequently, at the start of the deformation the elastin fibres
are the ones that support the load but as the deformation in-
creases it is the stiffer collagen fibres that come under load.
This behaviour is responsible for the “J-form” of the curves
obtained from tensile tests.

35
B Rhinoceros
(back)

©
o
§ Rhinoceros
ﬁ (belly) Donkey
©
™=
%)

40 60 80 100 120
STRAIN

Fig. 25. Typical stress-strain curves for various epithelia.
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EXAMPLE: RABBIT EPITHELIUM

An understanding of the mechanical behaviour of epithelia
is of great interest to plastic surgeons, and for interpreting
many pathological situations. As will be seen below, tradition-
al tensile tests do not provide the required information, so
it is necessary to resort to more complex test, such as the
biaxial ones mentioned above.

To a first approximation, skin can be considered as an
incompressible material. This allows the construction of
three-dimensional models —closer to reality— based on data
from two dimensional tests, in which variations in the third
dimension can be deduced from the changes in the other two
dimensions.

In this example, some results of Lanir and Fung’s (1974),
now classic, two-dimensional experiments on rabbit epithe-
lia are summarised. Details of the equipment and specimen
preparation can be found in the cited reference.

Skin specimens, measuring 35 mm by 35 mm, cut such
that two edges were parallel to the axis of the body and the
other two, perpendicular to it, were tested. Tensile and relax-
ation tests were performed, uniaxial as well as biaxial, and
the influence of the rate of loading and temperature on the
data were recorded.

Figure 26, contains the data from several tensile tests;
uniaxial tests in the direction of the x-axis (Scheme A), biax-
ial tests with the applied load increasing in the x-direction
and while keeping the displacement along the y-axis constant
(Scheme B) and similar experiments with the traction in the
y-direction (Schemes C and D). The direction of the x-axis is
parallel to axis of the body of the rabbit.

The experiments clearly show that the epithelium is ani-
sotropic since its behaviour varies with the loading direction
(compare the figures corresponding to the A and C loadings,
for example) The mechanical response is nonlinear and
shows a degree of hysteresis. Another relevant result is that
the response of the tissue depends upon the mode of load-
ing; that under uniaxial tension (test A, for example) is not
the same as in biaxial tension (test B). These results provide
a warning against using uniaxial tensile tests to predict the
behaviour of the epithelium, since in practice this tissue is
subjected to biaxial loading.

The referenced article also includes biaxial relaxation
tests, as shown schematically in figure 27. In this figure the
relaxation force in the x-direction is reported, after the tis-
sue was stretched in the x-direction (by a quantity denoted
by A= U1,) and keeping the strain in the perpendicular y-di-
rection constant. Here, again, it was found that the stress
relaxation is different when the loading is in the y-direction

(these values are not shown in the figure); it is not the same
if the sides are constrained or free, in which a contraction is
produced in the test. All this indicates that uniaxial relaxa-
tion tests are not truly representative because in reality the
sides are always restrained, and the tissue adapts itself to
the loading, reorienting the collagen fibres in order to reduce
both the stress in the loading direction and the strain in the
transverse direction.
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Fig. 26. Uniaxial tensile (A and C) and biaxial (B and D) test on the rabbit
epithelia (Lanir and Fung, 1974).
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Fig. 27. Biaxial relaxation tests (Lanir and Fung, 1974).
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2.3.2. Pressure test

Buige test

An alternative means of performing biaxial tests on biologi-
cal membranes consists of clamping a circular piece around
its edge, subjecting it to a pressure, and measuring the dis-
placements produced on the surface (bulge test), as shown
in figure 28a. This is a very simple experimental technique
which is, however, difficult to interpret if the membrane is not
isotropic (which is almost always the case), since the aniso-
tropy of the materials requires the application of numerical
modelling (Tonge et al. 2013a,b). Therefore, this method is
almost exclusively used to compare biomaterials, and per-
form fatigue strength studies.

a

Fig. 28. a) Membrane pressure test (bulge test). The membrane is subjected
to a state of biaxial tension induced by the applied pressure in the interior of
the apparatus.

b) Simplified analysis assuming spherical deformation.

A simplified analysis of this experiment, valid for small
displacements of the membrane, which is assumed thin ho-
mogeneous and isotropic, can be performed by assuming
that the deforming membrane takes on a spherical shape,
as indicated in figure 28b. With the notation of the figure we
see that sin(0)=a/(r-0)=a,/r and rcos(6)+06 =r, from which
we can obtain the radius of curvature as a function of the
displacement of the apex ¢ and the radius a of the membrane
in its initial state

a* +6*
r=
26

(75)

With this value, we can estimate the elongations of the de-
formed membrane at its apex that, because of the assumed
spherical deformation, will be the same in any direction. It
is sufficient to refer to the initial membrane diameter (2a)
which, in the deformed configuration, extends to an arc length
equal to 276 (figure 28b). Therefore

2
arcsin( 2a0 ):1+%(S (706)

a*+6* 3d’

_20_a'+o
2a 2ad

Taking into account equations (18) and (19) and that all
of the directions on the surface of the membrane are equiva-
lent, the strain tensor at the apex of the deformed membrane
will be

28

E=n=22
n3a2

1
77
1] (77)
in which we have ignored terms of higher order than 62.

If we assume, as is common in biological materials, that
the membrane is incompressible and volume is conserved
during the deformation, we can calculate the deformed thick-
ness h near the central apex from the initial thickness H us-
ing equation (22). If we equate this expression to 1 and solve
for h taking into account that da/dA =A?

h=£:]_](1_i6_) (78)

The Cauchy stresses o can be obtained from the applied
pressure p using Laplace’s law (equation 27), since the radi-
us of curvature is known and equal to 7 in every direction. The
resulting value is

U=E=M:£(“ 75) 79)

2h 4k H\46 12

Equations (75), (76), (77), (78) and (79) provide the
stress-strain state of the apex of the membrane as a function
of its dimensions a and H, and the displacement 6 produced
under the pressure p.
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Pressure-diameter test

Pressure-diameter tests on blood vessels and other biologi-
cal ducts are also biaxial experiments which aim to reproduce
the workings of these tissues inside the body. In essence,
during the test the change in diameter of the duct is meas-
ured as a function of the internal pressure. The test can be
complemented by subjecting the duct to traction and, in some
experiments, simultaneously to traction and torsion.

The equipment necessary for traction and internal pres-
sure applied to blood vessels is shown, in schematic form,
in figure 29. For more details, see (Guinea et al. 2005). The
blood vessels are tested immersed in a physiological serum
at a controlled temperature. The vessel is placed in a trans-
parent cell which allows visualisation and measurement of
the diameter by optical methods. The ends of the vessel are
held in the grips of a mechanical testing machine and the
internal pressure is applied to the vessel by means of an
auxiliary physiological serum circuit at the temperature of the
experiment, driven by a compressed air pump. Pressure regu-
lators control and stabilise the air pressure.

ACTUATOR
LOAD CELL
.| [ DiAmETER
~ 7 |MEASUREMENT,
% INTERNAL
PRESSURE SYSTEM

SALINE SOLUTION
HEAT STABILIZED

SALINE SOLUTION
HEAT STABILIZED

OPTICAL
EXTENSOMETER| |

Fig. 29. a) Schematic representation of an experiment for tubes subjected to
traction and internal pressure. b) Experiment on an arterial aorta.

In Fung’s (1993) book, and the reference cited in it, similar
equipment is described for recording the variation in diameter
as a function of the internal pressure, traction and torsion to
which the vessel is subjected.

The process of stretching and inflation of a thin tube —which
was analysed in a previous section (2.2.4)- can be applied to
these experiments. If the duct wall is thick, or when residual
stresses have to be considered, a complete three-dimensional
analysis must be performed. This can be found in Humphrey
(2002).

Two challenges in testing pressurised ducts are due to
instabilities such as buckling or the formation of protuber-
ances (known as aneurisms in the case of blood vessels)
which change the geometry and invalidate the test. Because
of their practical interest, both cases are discussed briefly
below.

Buckling or the collapse of the wall of a tube generally
appears at the beginning of the test, at small pressures and
under axial traction. This situation is shown in figure 30 in
a test on a carotid artery. Although buckling of the tube can
only be produced for negative pressures (suction), inhomo-
geneities in the wall and the residual stresses may provoke
its occurence with positive pressures. In general, biological
ducts have only reasonably circular cross sections above a
certain minimum pressure, of around kPa (~10mmHg) in the
case of blood vessels. Figure 30b contains pressure-diame-
ter curves corresponding to different values of applied axial
elongation. We see that axial traction produces a stabilising
effect which reduces the buckling propensity.
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Fig. 30. a) Buckling of an artery during a pressure-diameter test.
b) Effect of the axial load on the response of the vessel.
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The formation of protuberances in the wall is a phenom-
enon which is the inverse of that of buckling, because a sec-
tion of the duct is dilated abnormally with relative to the rest,
figure 31a. In arterial vessels this dilatation is known as an
aneurism and is a very serious complication which can lead
to incapacitation or even death. Mechanically, the formation
of protuberances usually occurs because of a local weaken-
ing of the wall, which dilates due to the pressure. This is the
situation of keratoconus, figure 31b, in which a protrusion of
the cornea causes a severe loss of vision, and many aneu-
risms. However, it can also produce an abnormal dilatation
without the presence of inhomogeneities, exclusively due to
the mechanical behaviour of the material of the duct as will
be seen below.

Normal Keratoconus

Fig. 31. a) Inhomogeneous dilatation of a duct.
b) Local dilatation of the cornea, known as keratoconus.

Figure 32 shows the case of a duct whose pressure-diam-
eter curve has a local minimum. When the tube is at rest its
diameter is d and its geometry uniform. If we apply pressure
in the range (0, pg) the tube diameter increases uniformly dj,
which is the diameter corresponding to a unique mechanical
equilibrium state. The situation changes at the moment pyg,
is reached, since there are now two solutions to the mechan-
ical problem, each one with a different value of the diameter:
dg and d¢. The points between B and C on the pressure-di-
ameter curve are unreachable since each section of the duct
has two possible diameters for a given value of pressure, and
the situation is unstable.
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Fig. 32. a) Deformation process and the appearance of protuberances in a duct.
b) Pressure-diameter curve.

From the instant at which a py is reached two zones of
different diameter are generated in the duct, each one corre-
sponding to points B and C. If we try to increase the pressure
in the tube, it will not exceed the value of pg until all of the
duct has transformed to the diameter d, corresponding to
point C, after which the deformation process returns to being
uniform.

We see, then, that the cause of the instability lies in the ap-
pearance of a local minimum in the pressure-diameter curve,
and which, if it were to increase monotonically, the phenom-
enon would not occur. Certain constitutive equations, such
as those of some elastomers, can give rise to this behaviour
and it is instructive to determine the pressure-diameter curve
from a stretching and inflation test on these materials.

Yeoh’s hyperelastic model® de Yeoh (1993) is often used
to model incompressible, isotropic elastomers. The strain en-
ergy per unit volume function #/in three-dimensions is

W =atrE+ (trE)2 + y(trE)3 =

= O!(E“ +E,, +E33)+/3(E11 +E22+E33)2 +Y(E|1 +E,, +E33)3
(80)

where tr is the trace operator and «, 8, ¥ model constants..

8 Recall that for a hyper-elastic material there is a one-to-one relationship between stress and strain, which depends on neither time nor temperature.
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In this example a three-dimensional analysis of the prob-
lem was performed, using expression (66) in order to obtain
the second Piola Kirchoff stress tensor S, since it was a hy-
perelastic material:

1
S=(a+2ﬁtrE+3y(trE)2) 1 |=
1

1
=(a+2/5(EH+E22+E33)+3y(EH+E22+E33)2) 1 (81)
1

and from equation (68c)

dx, 0x;
or o,=—L-—
79X, 0X,,

0 =FSF" +41 S+ 40,

for calculation of the Cauchy stresses o at any point since, as
discussed in section 2.2.5, the material is incompressible (=
conservation of volume) and any arbitrary hydrostatic stress
tension, q1, satisfies the constitutive equation.

Applying the above results to the tube inflation and stretch-
ing experiment in section 2.2.4 we will arrive at the Cauchy
stresses deduced by means of equations (81) and (68c)

A2

a=(a+2/5trE+3y(trE)2) 22 |+q (82)
2

in which we have taken into account that fact that the value
of the three-dimensional deformation gradient tensor of the
problem is,

(82bis)

obtained from the corresponding tensor in the two-dimension-
al problem —equation (59)- by adding the elongation in the
radial direction 4,.

The above stresses must coincide with those calculated
from the equilibrium equation (65) in the circumferential and
axial directions, which leads to:

p}”f;Hﬂ=(a+2ﬁtrE+ 3]/(Z‘I‘E)2)Aez +q

f 2;13%[ - (a +2BE+ 3y(rrE)2)A§ +q

Assuming in the radial direction o, =0, as discussed in
section 2.2.4, we will have the third equation, which allows
us to obtain ¢

0= ((x +2pE+ 3y(trE)2)Af rg (84)

Finally, substituting into Equation (83) the values of E
obtained from equation (82b) using equation (14), and the
value 4,=1/(A445) given by the incompressibility condition (58)
we arrive at

2
H(1 1 2 42 1 3 2,92 1
=—|——-——||a+P| A+ A +—=—-3|+=y| A + A, +——-3
! R(Ag Aﬁi»i)[“ ﬁ( BRI ) 4y(” TR )](85)

This equation is represented in figure 33 which was devel-
oped for a tube of diameter D=3mm and thickness H=0.5mm
without loading. These dimensions correspond, approximate-
ly, to those of the carotid artery. The ordinate in figure 33 is
pressure in mmHg (ImmHg=133Pa, the usual unit of meas-
urement in cardiovascular mechanics) and the abscissa has
been drawn in terms of the ratio of the instantaneous and
initial diameters d/D =A,,.

p (mmHg)
200

I\ I\ /
1.4 1.3

150 -

100 -
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a/D

Fig. 33. Pressure-diameter test for a tube subjected to different axial elon-
gations. Initial diameter 3mm, initial thickness 0.5mm. Yeoh'’s incompressible
material (¢ =40 kPa, = -142 kPa and y=1200 kPa).
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The parameters of the model are o = 40kPa, § = -142kPa
and y=1200kPa, reasonable values for an elastomer, and
which simulate the behaviour of the artery wall. In figure 34
the uniaxial tension curve of the material is represented. This
was obtained following the same process as with the tube,
making use of the results of section 2.2.3.

As we can see in figure 33, for the indicated geometry
and material, the pressure-diameter curve has a relative mini-
mum when the test is performed in the absence of elongation
(A3=1), so that on reaching a pressure of ~26mmHg an insta-
bility will appear giving rise to two sections with different diam-
eters. When the tube is subjected to an axial elongation, the
relative minimum tends to disappear, which happens in the fig-
ure, for elongations of 1.2 and greater. In this case the strain
in the tube during the whole inflation process is uniform.

Blood vessels and other biological ducts avoid the occur-
rence of instabilities such as those mentioned by having con-
stitutive equations which don’t give rise to pressure-diameter
curves with a relative minimum. Furthermore, blood vessels
are natural stretched, with elongations 4;of about 1.2, which
increases their stability.

300

250

200 - 8

150 8

100

CAUCHY STRESS O (kPa)

Mod. Yeoh

|
1.0 1.1 1.2 1.3 1.4 1.5

STRAIN,

Fig. 34. Uniaxial stress-strain curve for Yeoh’s incompressible material. (a= 40
kPa, f=-142 kPa and y=1200 kPa).
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2.3.3. Rupture by tearing test

Figure 35a illustrates, in a schematic form, how a thin mem-
brane can be torn. This type of test—called the EImendorf tear
test, in the paper industry— is a rupture test. During the test
the force F'is recorded as a function of the displacement of
the point of application of the force and, from this plot, it is
possible to determine the specific fracture strength R, that is,
the energy expended per unit area of the tear.

The simplest model of the EImendorf test is based up on
the assumption that the material behaviour is linear elastic
(characterised by an elastic modulus F) up to rupture, and
that the elastic energy due to flexure is negligible compared
to that of traction. It is also postulated that the work done by
the external forces is converted exclusively into elastic defor-
mation of the material and in tearing (consuming a constant
energy per unit tear surface R).

n

FORCE

z
a +

DISPLACEMENT |

Fig. 35. Schematic of the ElImendorf tear test on a lamina, along with the corre-
sponding force-displacement diagram. The displacement corresponds to one of the
forces, considering that the plane of the untorn the membrane remains immobile.

Bearing in mind this hypothesis, the diagram in figure 35,
represents an elementary process of loading, rupture and un-
loading: along the section OM the band, of length a, and the
cross section BW, deforms elastically until the force reaches
the value Fl, ewhen rupture is initiated by tearing the mem-
brane. (In these types of test, tearing starts at a force Fp, but
almost always continues to progress under the action of the
same force). If the force is held constant failure progresses in
a stable manner and the crack grows to a length a. On reach-
ing point N, at which the elastic displacement is Aa,, + Aa, the
membrane is unloaded and the path NZ is followed The mem-
brane is unstressed and has a residual displacement 0Z = a.

The work done in the process OMNZ will be the energy
expended in tearing, that is to say:

A
2F, (a + 7“) —R-Ba (86)

in which the left hand side represents the work done by the
two forces (the double of the area of the trapezium OMNZ)
and the term on the right is the tear resistance; the specific
strength, R, per unit area of tear Ba.

The value of Aa can be calculated from the hypothesis
made at the beginning; that the deformation is linear and
elastic, assuming that each one of the torn pieces is subject-
ed to a state of uniaxial tension under the force F, from which:

Ag = ——

~ EBW (87)

Introducing this result into equation (86) yields the specific
tearing strength R, given by:

_2F, | FP

R B +BZWE

(88)

Often, when the elastic modulus is high, the second term
in this expression is negligible compared to the first, produc-
ing a very simple expression for estimating the tear strength
of a membrane from the force obtained in an Elmendorf test:

(89)
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This procedure remains valid for nonlinear elastic materials
—elastomers and biological materials in particular— provided
that the work done by the external forces is distributed only
between the tearing of the material and elastic deformation.
Measuring the area, A, enclosed by the force-displacement di-
agram results in:

_2A
Ba

R (90)

Note that the number 2 appears because there are two
forces doing work.

For EImendorf tear tests on elastomers, which exhibit a non-
linear force-displacement curve F-, Rivlin and Thomas (1953)
Rivlin and Thomas (1953) derived an expression similar to
equation (88), (see also Atkins and Mai (1985) section. 2.10):
_2EM (91)

R —2WW,

where A=l/,=1+e, and e is the engineering strain remote
from the tear and W the elastic energy density referred to the
volume in the undeformed configuration, also remote from the
torn region.

Equation (91) can be written in @ more compact form as

R=2W [ Ads =%f0FRAdF (91bis)

since s = F/(BW).

These results are proved in the following exercises.

Values of the specific fracture resistance R obtained from
tear tests on the epithelia of several animals are presented
in Table 1.

TABLA 1. TENACITY OF ANIMAL EPITHELIA

ANIMAL LOCATION OF EPITHELIA R (KJ/M?) REFERENCE
Rat back (longitudinal) 25  Purslow (1983)
back (transversal) 20 Purslow (1983)
belly (longitudinal) 17 Purslow (1983)
belly (transversal) 11  Purslow (1983)
Rabbit 20 Atkins, Mai (1985)
Rhinoceros back (deep) 43  Shadwick et al (1992)
back (shallow) 78 Shadwick et al (1992)
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For the tearing of a small crack subjected to remote trac-
tion, either in the centre of the membrane or on one of the
sides, as shown in figure 36, the following expression, valid
for elastic materials (linear and nonlinear), can be used for the
tear resistance R:
R =2kaw, (92)
where a is the crack length, 7/ the elastic energy density (as
discussed) remote from the crack and k a parameter which

depends upon A and which can be approximated by m/A"2.
(Atkins and Mai, 1985).

| |

Fig. 36. Tearing of a largde membrane subjected to remote traction.

Equation (92) can be derived from a nondimensional anal-
ysis of the fracture process (see EXERCISE 13). The value of
the parameter k(4) can be approximated using the empirical re-
lationship k= 7/A, due to Lakes (see Linley 1972). For a linear
elastic material, where "p=0%2F, and for small deformations
when A =1, the value of the paramete k becomes equal to x.

An interesting aspect of the tear resistance of epithelia is
the shape of the stress-strain curve; materials with a J-form
curve are less sensitive to cracks than those with a linear
shape (that is to say, whose stress-strain curve is a continua-
tion of the tangent at the origin).

The critical value of the crack length can be deduced from
equation (92), as a function of the strain, as shown in figure
37, in which the behaviour of the epithelium of a cat in a test
like that shown in figure 36 is presented. It is assumed that
the stress-strain curve is that shown in figure 24 and the tear
strength is 25 kJ/m?, a value similar to that of the rat (see
table 1).

Note that if the behaviour of the epithelium were linear
elastic (with an elastic modulus equal to the tangent at the
origin) the corresponding curve would be that indicated by the
dashed line in figure 37. This would imply that the epithelium
would be much more sensitive to defects; a tiny fissure under
small strains would be enough to tear the skin. The epitheli-
um of cats can withstand large strains —up to 80%— with little
risk. In general, epithelia can support large deformations with-
out storing much elastic energy, which would have induced
fracture, and for this reason they are difficult to tear. Another
consideration is why it is difficult to initiate crack propagation.
This is due to the deformability of epithelia at the tip of the
crack which blunts very quickly and, as a result, the stress
concentration is not very high.
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Fig. 37. Critical crack size (in a tear test using the configuration shown in figure
36) as a function of the strain in the lamina for the epithelium of a cat. The solid
stress-strain curve was obtained from a uniaxial tensile test. The dashed curve
was obtained by assuming the curve is linear elastic, with the modulus of elasticity
equal to the tangent at the origin of the previous curve.
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EXERCISE 11
Derive equation (91) and show that this coincides with equation (89) if the material is assumed rigid, or if the material is
linear elastic. Ignore the elastic energy outside the two tear zones and assume that these are subjected to uniaxial tension
under a force F.

. F
SOLUTION: 4/

The EImendorf tear test is shown in the figure. Let x be the length of the 2
tear, and B and W the dimensions of the unloaded specimen. Under the
action of the force F'the length of each piece becomes Ax, where 1 is the
elastic elongation.

x
).;

If the crack grows by dx the work done by the applied forces will be
2F d(Ax) = 2F Adx+2F x dA

in which we see that the length of the tear zones in the specimen can grow either because they deform by (dA), or they tear by
(dx). Since the body is elastic (linear or otherwise) work is only done in changing the elastic energy or in the fracture process,
since no energy has been consumed through plastic deformation or other dissipative mechanisms.

Assuming that the two torn pieces are under a state of uniaxial tension, their elastic energy will be the product of their initial
volume 2BWx and the energy density W(4), which will be the same at every point and will not depend upon the level of strain
reached, which we characterise by the elongation A. The change in energy will be

d(2BWx W) = 2BW Wdx+ 2BW (dW/dA) x d).

We will then have 2F d(Ax) = 2F Adx+2F x dA = 2BW Wdx+ 2BW x (dW/dA) dA + RB dx
where RB dx is the energy expended in tearing the material. This expression can be written as

(2F ). — 2BW W—RB) dx = (2BW x (dW/dA) — 2F x) dA

which must be true for any conceivable process (dx, dA), since x and A sare independent variables. This condition requires
that the coefficients of dx, dA are identically zero, and therefore that

R=2FA/B -2W W
which is equation (91), and F = BW (dW/d4) or o = dW /dA
which is none other than equation (67) applied to a uniaxial tension test (see EXERCISE 10).
For a rigid material the strains are very small (= 0) and the value of A will be close to unity. Furthermore, for the same reason,
the energy density Wis also very small, and the term 2W%/,, in equation (91) can be neglected. With these approximations

equation (89) is recovered.

In the case of a nonlinear elastic material with engineering stress and strains s and e (see the exercise in section 2.2.5)

w= lse = ieR
2 2BW
whereby equation (91) becomes R = M—QeR = &+§e,e
B B B B

F,
since A=1+e, and then e, e TR
E BWE

substituting in the expression for R we recover equation (88). Note that linear elastic materials are only defined in the small
deformation range where s =0 and e =e¢.
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EXERCISE 12
Show that equation (91) can never be negative and that it can be rewritten as equation (91b).

SOLUTION:
The strain energy is equal to (see the exercise in section 2.2.5)

W=f:sde

2F

which can be written as R= TR—ZWWR = 2W[SR)\,R —f:dee] since sp=Fg/(BW).

The value of the integral can be bounded, since the stress will always be s < sp

f:dee<st:Rde=sReR =5:(Az-1)

and we conclude that s;A; —f:dee>sRAR—sR (Ag=1)=5,>0

so that R > 0 always. On the other hand, since de = d(@ - 1) = dA
R= ZW[SR)\.R - f:dee] =2W |:SR)LR ‘fOARSd}‘]
and integrating by parts we recover equation (94).

R= 2W[SR)»R - f:"sam] - 2W[sRAR ~ Sghy +f:RAds] 2w [ " Ads

EXERCISE 13
Derive equation (92) R=2ka Wp,.

SOLUTION:
If we examine either of the two cases shown in figure 36, we can see that the only relevant geometrical variable is the size
of the crack a, since the dimensions of the plates are infinite in both cases.

Therefore, for the problem posed, each equation for R must be able to be written as a function of:

- R

- the geometric parameter a

- the stress-strain level, which we can characterise by the strain energy per unit volume Wy, at points remote from the crack

- the response of the material, characterised by the elongation A in the direction of loading, evaluated at points remote from
the crack

Considering the possible nondimensional groups that can be assembled from these parameters, we see that the required
equation must have the form:

AR 3)eo

aWy
since R /(aWy) and 4 are the two monomials that can be formed. The previous equation can be rewritten to express one
monomial as a function of the other

Rfaw), =g(A)

which we can easily recognise as a form of equation (92) by making ¢g() = 2k (1)
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EXERCISE 14

Examine how the membrane material influences the value of the critical crack length when it is subjected to a traction as
illustrated in figure 36. Use equation (92) to obtain the critical crack length. For this consider the following forms of the uni-
axial stress-strain curves for the material:

- linear:s=eF

- concave: s=eFE +e™E ; m>1

- convex: e=s/E +s™/E™; m>1

SOLUTION:
The three stress-strain curves are shown in figure (a) for m =3.

a b

1.0
0.8
0.6
0.4

0.2

NON DIMENSIONAL STRESS (s/E)
CRITICAL CRACK SIZE a/ (R/E)

2.0 0.0 B

0.0 0.5 1.0 1 2.0
RUPTURE STRAIN, ey

) 0.5 1.0 15
STRAIN, e

In order to calculate the critical crack size, isolate a in equation (92) and write it in the nondimensional form

a A 1 ive 1

RIE 2w W,/E 21 W,/E

and we calculate %,/ E by integration.

2 m+l
In the case of the concave curve s-e this will be W, /E= feR(S/E)dg = f”R(e+e"1)de= e_R+eR_
0 0 2 m+l
2
. ; _ €R _ CR _E_R
For linear behaviour WR/E-fO (S/E)de_fo ede = 5
. q 1 R 1 Sk 2 1 m+l M
and for the convex case, we integrate by part to obtain W, /E=Ef° sde=E(sReR —fo eds)=(sR/E) E+(sR/E) .

in which we have used the equation of the curve e=s/E + s™/E™. From these we can relate each value of the strain e, with
the stress sp, and with the last one obtain Wy/E.

The values of the critical crack size are shown in figure (b) as a function of the failure strain. In this it is noted that the most
beneficial form (the largest critical value for a given rupture strain) is always the concave curve, as exemplified in the text
with the cat epithelium.

Observe also that there is a certain value of the strain at rupture below which a convex curve is more favourable than that
of linear behaviour.
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EXAMPLE: RAT EPITHELIUM

During the preparation of his doctoral theses at the end of the
1970s, P Purslow experimented with soft tissue and meas-
ured the specific tear strength of a rat epithelium using the
tear test. A summary of these results is discussed below.
Details can be found in Purslow (1983).

The epithelium, of approximately 1 mm thickness, is rep-
resented schematically in figure 38. Sixteen specimens were
cut from the epithelium: half were tested in the longitudinal
and the other half in the transverse direction, in order to in-
vestigate possible anisotropy in the tissue, as shown in figure
38a.

The force displacement curves, representative of the tear
tests, are reproduced in figure 38b. The specific fracture ener-
gy, R, was calculated, initially, from equation (91), but Purslow
argued that, in this case, the following simplifications could
be made:

Since the applied forces were small, about 5 N, when the
skin tears, the deformation remote from the crack could also
be considered small and the value of A approximated to 1.
For this reason, he neglected the elastic energy density W far
from the region of the crack. (Paradoxically it is as if the mate-
rial were rigid, see the exercise 11).

After these simplifications, the specific strength is given by

2F,
R==E
B

The average values of R (from 8 tests) obtained by Purslow
in the longitudinal and transverse directions were, respective-
ly, 17 + 1 kJ/m? and 11 + 2 kJ/m?, results which showed an
appreciable anisotropy in the specific fracture energy.

Purslow also studied, the influence of the load rate and
temperature on the values of R. Increasing the deformation
rate (from 5 to 500 mm/minute) doubled the value of R. As
far as temperature was concerned, experiments were per-
formed between 7 and 23°C but no clear trend was observed,
perhaps only a small increase with temperature.

FORCE, F (N)

0 5 10 s 20 25 30 35
DISPLACEMENT (mm)

Fig. 38. Tear test on the epithelium of a rat (Purslow, 1983).
a) Schematic illustration of the extraction of the test pieces.
b) Typical result of the tear test.
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2.3.4. Separation tests

Simple peeling test

The peeling of a thin membrane from a substrate is shown in
figure 39a. This type of test —attributed to Dannenberg (1961)
by some authors- is a rupture test which provides knowledge
of the specific adhesion energy between a lamina and sub-
strate. During such a test the force F'is recorded as a function
of the displacement of the point of application of the force.
The specific adhesion strength can be calculated from a plot
of this data following the same steps outlined in the previous
section.

The simplest way to model this test is to assume that the
membrane behaves as a linear elastic material (small defor-
mations, and elastic modulus E) and that the elastic energy
due to flexure is negligible compared to that of traction. Fur-
thermore, it is postulated that the work done by the external
force is converted only into elastic deformation of the mem-
brane and in separating it (while consuming constant specific
energy R). In this simple model any viscoelastic effects are
ignored. Again, as happened in the case of tearing, separation
is usually produced under the action of a constant force Fp,.

Incorporating these assumptions, the diagram in figure
39b outlines the basic loading, separation, and unloading
process: In the process represented by the line OM the mem-
brane, of length a, and cross section BW, deforms elastically
until the force reaches a value Fj, at which point separation
starts. If the force is held constant, separation progresses
in a stable manner, increasing up to a length a. On reaching
point N, the membrane is unloaded and the path NZ is fol-
lowed. The membrane is left stress-free but with a residual
displacement OZ=a.

An energy balance performed for the OMNZ process, in
a similar manner to that carried out in the previous section,
results in the expression:

A
Fr [a(l —cos 0) + 7(1 =R-Wa (93)

which the term on the left hand side represents the work done
by the force F' (the area under the trapezium OMNZ) and the
term on the right the separation strength; the separated area,
Wa, multiplied by the specific strength, R. The diagram in fig-
ure 39c is drawn to help explain the calculation.

The value of Aa is calculated bearing in mind the hypoth-
esis that the membrane behaves linear elastically, so that:

(94)

' -
ua—f— Aao + Aa —‘S}:
DISPLACEMENT

AB=AC +CB
Aa + a(1-cosb)

Fig. 39. Schematic diagram of a simple separation test on a lamina, together with
the corresponding force-displacement plot.

Substituting this result into equation (93), the specific sep-
aration (or adhesive) strength R is obtained:

F F,
2EI§W> - WR(1 —cosd +§)

Fg
R=—(1—c059+

(95)

Note that Fi/2EBW is ¢ /2, half of the elastic strain in the
membrane.

When the modulus of elasticity is high, the last term inside
the bracket is usually negligible compared to the others, (anal-
ogous to the previous case of rupture by tearing). In these
circumstances, a very simple expression is obtained for esti-
mating the specific adhesive strength between the membrane
and substrate. If the membrane separation is perpendicular
to the substrate, the R =Fy/W.

This procedure is also valid if the membrane exhibits non-
linear elastic behaviour. The specific strength is obtained by di-
viding the area under the F-u diagram by the separated area:
aW.
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There are two relatively simple arrangements which cre-
ate a separation zone in a membrane, one like that just dis-
cussed —subjected to a state of uniaxial tension— and the
other a separation in a tympanum object, described in the
following section—which is a membrane subjected to a state
of biaxial stresses-.

The first arrangement is shown in figure 40a, in which the
lamina is separated using a bracket. The same hypotheses
are made as before; linear elasticity, small deformations, and
ignoring the elastic energy due to flexure compared to that
stored in traction. It is also assumed that initially an are a,W
is separated and the initial strain is zero.

The problem can be solved following the procedures de-
scribed above; from the area under the F-u diagram. The re-
sult can also be written directly if it is observed this problem
is analogous to the previous one, but in this case the force F
is replaced by F /2 sin6. The final result is then:

Fg

R= 1 0+5)=
= 2Wsing ( cos o+ 2) -
(96)
_ Fp 1+cosf—2cos*6
" 2Wsin © 2 cos 6
in which the strain € has be written as:
& = 1—cos 6@ (97)

cos 6

It is sometimes convenient to write the specific strength
as a function of the height H nd the pressure that causes
separation p. (In this case we can define an average pressure
equivalent to that obtained from the quotient of the force F
and the area 2aW). That is to say:

FH 1+ cos @ — 2 cos?6

k= 2aW 2 sin%6 = h(0)- Hp (98)

For small values of 6, f(0) tends to % and the separation
strength can be approximated by:

R=-Hp (99)

A second configuration, referred to previously and shown
in figure 40b, involves a lamina which is separated under the
action of an internal pressure p. The same hypotheses are
made as before; linear elasticity, small deformations and con-
sider lamina as a membrane. Under these conditions it can be
assumed that the deformation is a cylindrical surface, of radi-
us p, and the separating force becomes,F =p-2psin6-W.

Fig. 40. Schematic representations of two lamina separation tests.
a) Using a bracket.
b) Using internal pressure.

Using similar reasoning that in the previous example, the
specific adhesion will be given by equation (95)

€ 0 —sin6
R=pp(1—c050+§)=pp(1—c059+.7

2sinf ) (100)

where, now, the strain € can be approximated by
e=(0—sinB)/sin o

This result can also be written as a function of H and p,
in the following form

6 —sinB
= = . 101
R le+25in6’(1—cos€) f2(6) - Hp ( )
which, for small values of 0, reduces to
7
R= 3 Hp (102)

Once again, if the lamina exhibits nonlinear elastic behav-
iour, the specific separation strength can be found by measur-
ing the work done and dividing it by the area of the separated
surface.
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Separation test on a tympanum

In order to measure the adhesion of thin laminas (or films)
it is sometimes helpful to use a technique based on the for-
mation of a blister or vesicle from a tympanum. This test,
proposed by Dannenberg (1961) and modified by Wan and
Mai (1995), has the advantage of not requiring jaws or grips
which could cause plastic deformation and the necessary
measurements —pressure and height of the blister— are not
difficult to obtain.

The test is shown schematically in figure 41. When a
pressure p is introduced through a hole in the substrate, the
film (of thickness B) can separate and form a blister, (with a
cross section which is assumed to be circular, of radiu a and
height H). To model this test several distinct hypotheses can
be made about the behaviour of the film, which range from
considering it as a thin plate, with a certain flexural stiffness,
to considering its behaviour to be like a membrane with no
flexural rigidity. Later, both situations will be analysed in order
to obtain bounds to the solution of the problem.

If it is supposed that the film behaves like a plate, the
displacements of the tympanum due to the pressure p can be
calculated by assuming that the deformations are small and
the behaviour linear elastic (see, for example, Timoshenko
and Woinowsky, 1959). The result is:

h(r) = 2= (a? — r?)? (103)

where a, h and r are shown in la figure 41, D is the flexural
rigidity of the plate, given by D=EB3/12 (1-v?), E is the mod-
ulus of elasticity and v is the Poisson ratio. The maximum
displacement, H, is produced at the centre (r = 0) and is:

_ pa*
" 64D

(104)

The specific adhesive strength can be calculated from the
elastic energy (see, for example Elices 1998, page 90) yield-
ing:

2 4

R=LL _os5mp (105)
128D

This is a very simple result that depends only upon the
pressure p and the blister height H.

If it the hypothesis is that the film behaves like a membra-
ne, the displacements can also be calculated by assuming
small deformations and linear elastic behaviour. The maxi-
mum displacement is produced at »=0 and has a value:

H=c¢ (ﬂ)l/3 (106)

where ¢, v is approximately 0.6 and varies weakly with the
Poisson ratio v (Williams 1997).
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Fig. 41. Schematic representation of the biaxial separation of a film.
(Tympanum or blister test).

The specific adhesive strength, calculated from the elastic
energy (Elices 1998) becomes:

5 ¢y
R=-—
4 (EB)1/3

5
(pa)*/ =7 coHp (107)

where ¢, is approximately 0.52 (Elices, 1998).

This simple result is very similar to that obtained with the
hypothesis that the film behaves like a thin plate, that is to
say R=0.5Hp. Assuming that it behaves like a membrane R
~ 0.65 Hp (again, this last result changes very little with the
value of »).

These two hypotheses represent two extreme cases and
they suggest that a lamina tested in this way will exhibit an
intermediate behaviour. In reality, the two solutions are simi-
lar and the error in adopting one or the other is not great. The
specific adhesive strength can then be written as:

R=A1Hp (108)
where p is the pressure that produces the separation, H is
the height of the blister formed and A is a nondimensional
coefficient which lies between 0.5 and 0.65, depending upon
the hypothesis made.

It might be imagined that if the film is very flexible the
small deformation approximation, on which the previous for-
mulae were based, is not valid. This was examined by J.G.
Williams (1997) who concluded that, even in such cases, the
approximation was reasonably good. To be more precise, he
obtained

R=H > + (#H/a)” 109

P8 T8 (H/@)* + 3 (H/a)? + 1] (109)

This result indicates that R is almost insensitive to (H/a);
for H/a=0,

R =ZHp = 0,625 Hp (110)

and the that maximum value of R/ Hp is 0.644 ghen H/a
=302~ 1.31.
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EXERCISE 15
The figure shows data obtained by Kita and co-workers (1990) who used an ocular micro-injection device to determine the
bonding of the retina to the back of the eye. The investigators measured simultaneously the radius of the separation zone a
and the subretinal pressure Ap which induces detachment of the retina.

From the data provided, evaluate which separation model of the tympanum —plate or membrane— is more appropriate for ana-
lysing the experiment, and estimate the value of the specific adhesive strength of the retina. Assume that the displacements
and deformations are very small and that the retina behaves linear elastically with E= 0.43MPa, v =0.42 and thickness
B=0.3mm. For the membrane analysis, model the separated area as a spherical shell.
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SOLUTION:
For the plate model, equation (105) provides the relationship between the pressure and the radius of the separated zone.
This Ap - a relationship can then be written as

_ [32EB°R (1)2
P=3aov) |

which indicates that the experimental Ap-1/a curve should be parabolic.

The corresponding equation for the membrane model is deduced from equation (108), but it is also necessary to know the
relationship between the height of the separation zone H, its radius a and the pressure Ap. For that we assume that the
shape of the tympanum is spherical, as shown in figure a). Then

1-cos@ Oa

a~—

sin@ 2

H=

The value of 0 is obtained by assuming that the deformation occurs under a stress o, which we obtain from equilibrium of
forces on the membrane in the vertical direction (2zaBo sin0=Apza?):

o= Apa  Apa
2Bsinf 2B6O
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By symmetry of the problem, the stress state in the membrane is equiaxial, and the stress which acts in two mutually per-
pendicular directions is equal to o, giving rise to a strain (applying Hooke’s Law)

8=E_l(0+0)=_1“’0=
E E

3(1 -v)Apa)‘/ ’

since a=7rsinf=r(0@-63/3!+...). From the previous two expressions we can eliminate o to obtain 6 =( E

membrane

E/—\ "‘,
—m 4 | ~p- g "
7 | TS

Ap(mmHg)

I'4 N
o

ERRRRRARARRRRA Y

1/a(mm)

A\V3
and then g =92 _(30=V)Apa’
2 8EB

with which, and using equation (108), we finally obtain

RN
31-v)(Ap) a*
8EB J

R=?»pH=)»(

The Ap - a relationship in this case becomes:

8EBR® \' 1
Ap=|—2f | 2
W1-v)) a

which represents a linear relationship between Ap and 1/a.

The Ap - 1/a fits for both models are shown in figure b). Despite the large scatter, it seems that the membrane model pro-
vides a better fit to the experimental data (the membrane data correlation coefficient is 0.89 as opposed to 0.67 for the plate
model). The values of R can be obtained from B, E and v data, and the constants from the curve fit:
- Plate model: Ap = 2.65mmHg mm? (1/a)?

- Membrane model: Ap = 2.63mmHg mm (1/a)

from which we deduce
- Plate model: R=8.29 10* J/m?
- Membrane model: R=185 10-* J/m?
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3.1. INTRODUCTION

The objective of this chapter is to provide some applications
of the concepts developed above —the mechanical proper-
ties of biological membranes—. When dealing with practically
two-dimensional materials, the mathematical treatment is ra-
ther more complex than that of the fibres considered in the
first volume of this book.

In the following examples, attempts are made to charac-
terise the mechanical behaviour of membranes using certain
parameters which will need to be measured, for this reason
relevant experiments are also detailed. From this information
attempts will be made to predict the mechanical response of
the membrane under particular external loads using consti-
tutive models. In practice, these models often have a limited
scope due to the complexity of biological structures.

The first example concerns the pericardium, the membra-
ne which surrounds and protects the heart. The mechanical
behaviour of the pericardium has been studied extensively
because of the interest in its use as a biomaterial in bio-pros-
thetics for vascular grafts, repair patches on the abdominal
wall and in heart valves.

The second example is the wall of the arterial aorta. The
objective is to describe and model its biomechanical beha-
viour in order to understand its physiological characteristcs,
the ageing process and the development of its pathologies.
This information is useful in applications of particular medi-
cal interest, such as the rupture of aneurisms or the effects
of arterial hypertension.

The third example will consider elasmoid scales of fish, a
type of rigid membrane, unlike the previous ones. Interest in
the study of the mechanical properties of these scales lies
in understanding their tenacity, flexibility and resistance to
penetration. These properties have been, and are, a source
of inspiration for the design of armours.

In all of these examples, when attempting to model the
mechanical behaviour, we encounter materials which pos-
sess complex structures because they are very hierarchical.
In these materials there is no clear separation between ma-
terial and structure because the different components are
joined together without interruption across several scales of
observation, from the molecular to macroscopic levels.

In order to develop models using continuum mechanics
it is assumed that the material is composed of homogenous
parts, a distinction which is arbitrary and made exclusively as
a function of the available data and the type of information
needed for the model. This implies that the stresses and
strains obtained from the models will have no physical sense
below a certain level.
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3.2. PERICARDIUM

3.2.1. Description

The pericardium is a membrane that covers and protects the
heart, separating it from the neighbouring structures while
allowing its freedom of movement. It covers and extends to
the roots of the great vessels.

It is an anisotropic membrane composed essentially of
collagen and elastin fibres in layers of different orientation,
embedded in a matrix of glycol proteins and glycosaminogly-
cans. Thanks to the collagen content, the pericardium exhi-
bits good mechanical strength, and prevents the excessive
dilation of the chambers of the heart, limiting hypertrophy
under conditions of maximum activity.

a

Pericardium g Circumferential direction

Apex-caudal direction

The pericardial sac has a conical form (figure 42a). In this
figure, two preferential anatomical directions are identified;
the apex-caudal or radial, from the upper part of the heart to
the apex, and the circumferential, in a direction orthogonal to
the previous one. The pericardium contains collagen fibres
grouped in bundles of micrometric thickness which, together
with its small thickness, can be observed through the mem-
brane by means of a beam of light. Low angle light scattering
experiments (Sacks et al. 1997) revealed that the collagen
fibres are arranged preferentially in the radial and circumfe-
rential directions (figure 42b).
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Fig. 42. a) Anatomical arrangement of the pericardium and preferential directions. b) Collagen fibre orientation obtained by light diffraction (Sacks et al. 1997).
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The pericardium has two layers (figure 43): the fibrous
pericardium and the serous pericardium. The fibrous pericar-
dium is the outer layer and is attached to the adjacent struc-
tures (diaphragm and sternum) by ligaments. It is a strong
stiff film with a high collagen content (figure 44). Its inner
surface is intimately connected to the parietal layer of the
serous pericardium, which is thinner and formed of meso-
thelial cells. The innermost layer of the serous pericardium,
also called the epicardium, is attached to the heart, forming
its external coating. Between the two layers of the serous
pericardium is the pericardial cavity which contains a small
quantity of fluid, similar to blood plasma, and which minimi-
ses the friction produced by the beating heart.

Pericardial cavity

Fibrous pericardium
(fibrous layer)

Serous pericardium
(parietal layer)

Serous pericardium
(innermost layer)

Fig. 43. Layers of the pericardium.
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Fig. 44. Scanning electron microscope image of the fibrous layer
(Mendoza-Novelo et al., 2013).

Due to the discontinuity produced by the pericardial cavi-
ty, the combined fibrous and serous/parietal layers is often
improperly called pericardium because they form a quite dis-
tinct set that separates easily from the heart.

Animal, typically bovine, pericardium is a material often
used in medicine for the repair of all sorts of structures; in
cardiovascular, abdominal, ophthalmic or genitourinary sur-
gery. It is also used as a bioprosthetic heart valve sheath
(figure 45). In these cases, the fibrous layer is used —and the
parietal zone of the serous layer attached to it— since, as well
as being easy to acquire, it is the strongest layer.

Fig. 45. Bio-prosthesis for replacing a heart valve. The veils are made of three
crosslinked membranes of pericardium.

In order to increase the stability of the tissue, avoid its
decomposition in the interior of the body and to reduce its
antigenicity, the pericardium (that is the fibrous layer) is trea-
ted by physical (heat or UV radiation) or chemical means to
form irreversible crosslinks of the functional groups of the
collagen molecules.

Among the chemical treatments, the most common uses
glutaraldehyde at a concentration of 0.625%. This treatment
provides greater strength, although it induces calcium depo-
sits on the membrane.
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3.2.2 Mechanical behaviour

The mechanical behaviour of the pericardium has been stu-
died extensively because of its interest as a structural bioma-
terial, conferring mechanical strength to biological structures.
The material analysed is usually pericardium (its fibrous and
serous-parietal layers) with crosslinks, generally treated with
glutaraldehyde. In the following, and unless indicated to the
contrary, these will be the conditions of the pericardial mem-
brane to which we refer.

Uniaxial tensile tests

Figure 46 shows representative curves of the tensile beha-
viour of bovine pericardium under physiological conditions
along the two preferential anatomical directions. In this fi-
gure, the true stress (or Cauchy stress, as we saw above) o,
obtained by dividing the load by the instantaneous cross sec-
tional area, is plotted against the ratio of the instantaneous
and initial lengths (the elongation 1). We can observe a clear
dependency on the direction (anisotropy). Furthermore, the
shape of the curves reflects the process of regrouping and
progressive alignment of the collagen fibres with increasing
load, producing the typical J-shape.

Apex-caudal direction
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Fig. 46. Uniaxial tensile tests on bovine pericardium specimens (18 x 2 mm) trea-

ted with glutaraldehyde. Average thickness 0.52 mm. Loading rate 0.2%/s. Speci-
mens immersed in physiological serum at 37°C. (Tobaruela, 2016).

The influence of the reorientation of the fibres is more
apparent if the pericardium specimens are subjected to some
tensile fatigue cycles. Figure 47 shows such tests, in which
100 loading and unloading cycles were applied, up to a maxi-
mum value of 3MPa which corresponds to approximately 10%
of the strength of the material in the circumferential direction
and 25% of its strength in the apex-caudal direction. As we
can see, almost after the first cycle of loading and unloading
the response stabilises, which suggests that the structure of
the membrane has essentially reached its final configuration.

Apex-caudal direction, 100 cycles
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Fig. 47. Uniaxial tensile fatigue tests on bovine pericardium specimens (18
X 2 mm) treated with glutaraldehyde. Average thickness 0.52 mm. Strain rate
2%,/s. Specimens immersed in physiological serum at 37°C. A = apex-caudal
direction, Ci = circumferential direction (Tobaruela, 2016).
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In figures 48 and 49 the tensile strength is shown as a
function of the number of cycles previously applied to the spe-
cimen, which, as we have seen, indicates a rearrangement
of the internal structure of the material. While the tensile
strength remains substantially constant (at about 10MPa for
the apex-caudal direction and 30MPa in the circumferential),
the value of the elongation drops significantly with increasing
cyclic treatment (from ~1.5 to ~1.3). In both cases the aniso-
tropy of the material remains unchanged.
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Fig. 48. Tensile strength values (mean value + standard error, N=33) of bovine
pericardium after various uniaxial tensile fatigue cycles (maximum stress =
3MPa). Dimensions of the specimens: 18 x 2 mm. Average thickness 0.52 mm.
Specimens treated with glutaraldehyde. Fatigue strain rate 2%/s. Strain rate in
the tensile strength tests 0.2%,/s. Specimens immersed in physiological serum at
37°C (Tobaruela, 2016).
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Fig. 49. Values of the elongation at failure (mean value * standard error, N=33) of
bovine pericardium after various uniaxial tensile fatigue cycles (maximum stress
= 3MPa). Dimensions of the specimens: 18 x 2 mm. Average thickness 0.52 mm.
Specimens treated with glutaraldehyde. Fatigue strain rate 2%/s. Strain rate in
the tensile strength tests 0.2%,/s. Specimens immersed in physiological serum at
37°C (Tobaruela, 2016).
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It is interesting to determine the slope of the linear part
(tangent modulus) of the o0—A curves before rupture of the
uniaxial tensile specimens, since these can provide an idea
of the stiffness of the membrane when all of the fibres have
attained maximum alignment. In figure 50, these values are
shown both for the specimens without prior fatigue (control)
and those which have been subjected to a pre-determined
number of accommodation cycles. It can be seen that the
stiffness remains essentially constant, which confirms that
the final state, with the fibres aligned, is reached very quickly
and in every case within the first 100 fatigue cycles. If it is
assumed that there is a direct relationship between the fibre
content and the specimen stiffness, we can estimate that the
relative amount of collagen in the two anatomical directions
should be about 8/3, which is the ratio of the corresponding
stiffnesses (approximately 200MPa in the circumferential
and 75MPa in the apex-caudal direction).

In 2001, Carrera et al. tested specimens which were 20
mm wide and 120 mm long, treated with 0.625% glutaral-
dehyde and loaded in the apex-caudal direction. Specimens
were subjected to uniaxial tension in load steps of 2 MPa,
3 MPa, and 8 MPa. The values of the rupture stresses lay
between 26.6 MPa and 32.6 MPa.

d|
223

7777777777777

A

7777777777 77777

O Apex-caudal

STIFFNESS

Circumferential

§
\
\
§
\
\
\
§
\

7772727

I& I& I& I

1000 2000 4000 24000
CYCLES

Fig. 50. Stiffness values (slopes of the a-A curves, or tangent modulus) (mean
value + standard error, N=33) of bovine pericardium after various numbers of
fatigue cycles (maximum stress = 3MPa). Specimen dimensions: 18 x 2 mm.
Average thickness 0.52mm. Specimens treated with glutaraldehyde. Strain
rate in fatigue 2%/s. Strain rate in the rupture tests 0.2%/s. Specimens im-
mersed in physiological serum at 37°C (Tobaruela, 2016).
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Biaxial tensile tests

Biaxial tensile tests have been performed in order to obtain
a constitutive equation for the pericardium. Figure 51 shows
the arrangement used by Sacks and co-workers (Sacks and
Chuong 1998) in which the pericardium membrane is secu-
red using sutures on its edges, taking advantage of the good
tear resistance demonstrated by this material.

The approximation, which is frequently applied to the mo-
delling of other soft materials such as skin, tendons or blood
vessels, is that the behaviour of the pericardium, once stabili-
sed after a few fatigue loading and unloading cycles (pre-con-
ditioning), can be represented by a hyper-elastic constitutive
equation, in which the relationship between the stress and
strain energy is given by equation (67):

_w
" OE,

where W=p,W,, is the strain energy per unit volume, %/, eis
the energy per unit mass and p, the density of the body in the
reference configuration.

The fact that the behaviour may be different between
loading and unloading, is resolved by adopting a different
strain energy function for each situation. This is the pseu-
do-elastic model proposed by Fung.

Several strain energy functions specific to the pericardium

have been proposed, such as that used by Choi and Vito
(1990), and also employed by Sacks and Chuong (1998):

1 1
W =b, [exp(EblEf, )+ exp(5b2E§2)+ exp(b;E, E,,)-3] (111)
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or the simplified expression of Billiar and Sacks (2000)

W = %[exp(alElzl +a,E5)-1] (112)
in which a,, a,, by, b, b, , by and c are constants. In neither
of these is account taken of the effect of shear strains (E,),
given their small experimental relevance.

Other more elaborate expressions separate the contribu-
tions to the strain energy due to collagen fibres, w¢, elastin
fibres W* and the matrix ®™

W=W+ W+ wm

In this case, the values of ®¢ and W° depend only on
the elongation produced in the preferential direction of the
fibres. More details can be obtained by consulting Humphrey
(2002).

As an illustration of the process of obtaining the consti-
tutive equation from the results of biaxial tensile tests, it is
interesting to review the work of Sacks and Chuong (1998)
on bovine pericardium membranes crosslinked with glutaral-
dehyde. The experimental arrangement is shown in figure 51.

Square, 25x25mm, specimens were cut from the pericar-
dium membrane so that the preferential orientation of the
collagen fibres is one of the axes of the test (1-axis). In this
way, and by symmetry of the specimen, biaxial tension does
not produce angular deformation and the situation is equi-
valent to that studied in section 2.2.3. The specimens were
pre-conditioned with biaxial loading and unloading with equal
strains along both axes. As is often the case when dealing
with soft biological materials it was assumed that the volume
remains constant.

Fig. 51. Biaxial tensile tests. The load is applied using suture threads and the strain measured from the displacement of marks drawn on the surface of the membrane

( Sacks and Chuong 1998).
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The value of the strain was measured from the positions
of four reference points on the specimen (figure 51), using
equation (41), and the second Piola-Kirchoff stress tensor
was obtained from the forces exerted on the sides of the
membrane, by means of equations (47).

Biaxial tests were performed with the ratios E,,/E,,=1/3,
1/2,1, 2 and 3, up to a maximum strain value of 0.16, equal
to that used in the pre-conditioning cycles. This is equivalent,
according to equation (41), to applying an elongation of A,
varying with A, as shown in figure 52. The maximum level
of strain was chosen so that the stresses did not approach
0.16MPa, which is the upper limit of stress estimated that
can be reached during the normal function of the valve vei-
Is. Note that these values are far from the rupture values
of the pericardium (stresses approximately between 10 and
30MPa).
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Fig. 52. Values of the elongation in Sacks and Chuong’s (1998) biaxial tensile
tests.

Figure 53 contains the results of the biaxial tensile tests
performed and the stresses obtained from a fit to the consti-
tutive equation (111):

W (kPa) =1.873 [exp(53 46 E)+exp(35.7E;,) +exp(45.52E, |E,,) - 3]
(113)
which provides the stresses

S,,(kPa) = 200 3E,  exp(53 AGE> )+ 85 26 E,, exp(45 52, E,, )

S,,(kPa) = 133.7E,, exp(53 46 E2, ) + 85 26 E,  exp(45 52, |E,,)
S, =0 (114)

which agree reasonably well with the experimental results
(r*=0.97).
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Fig. 53. Biaxial tensile tests on bovine pericardium. Second Piola-Kirchoff stress,
S, as a function of the Green-Lagrange strain, E, and fit of the model given by
equation 111. Sacks and Chuong (1998)
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Sacks and Chuong (1998) also showed that the predictions
from equations (117) are reasonable for simulating an expe-
riment in which the deformation is restrained along the 1-axis
(that of the collagen orientation). Figure 54 shows the experi-
mental results and the predictions from equations (114).

140
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E11:E2o=0:1

S,, (kPa)

Fig. 54. Biaxial tensile test on bovine pericardium with restrained deforma-
tion E;; Experimental results and predictions of the model from equation
(117). The margin of error is shown shaded. S,,=second Piola-Kirchoff stress,
E,,=Green-Lagrange strain. Sacks and Chuong (1998).

It is also possible, with the aid of equations (114), to pre-
dict the results of a uniaxial tensile test, in which stress is
applied in only one direction. Figure 55 shows the stress-elon-
gation curve deduced from equations (114) for the cases
S1,=0 (uniaxial tension along the 2-axis, perpendicular to the
collagen fibres) and S,,=0 (uniaxial tension along the 1-axis,
parallel to the collagen fibres). The second Piola-Kirchoff
stresses (S, or.S,,) have been represented together with the
Cauchy stresses (o;; or 0,,) obtained by using equations (44)
and (46). The elongations A, and A, were obtained from the
Green-Lagrange strains using equation (41).

Claramunt et al. (2011) performed biaxial fatigue tests by
pressurising membranes, adopting the arrangement shown
in figure 28. This process simulates the loading of the peri-
cardium when it is used as a veil in valve prostheses. With
these it was shown that the behaviour in the first few fatigue
cycles is a good indicator of the fatigue strength of the bovine
pericardium.

Also using pressurisation tests, Garcia Paez et al. (2001)
showed that ostrich pericardium has a greater static strength
than the bovine pericardium (both crosslinked with glutaral-
dehyde) even though its resistance to fatigue is much lower
(Claramunt et al. 2012).

By means of biaxial fatigue tests by pressurisation at di-
fferent frequencies (from 1 to 30 Hz) and average maximum
stresses between 0.5 MPa and 1 MPa —which are estimated
to be the maximum produced in a valve veil- it has been
demonstrated that biaxial fatigue induces residual strains
which can significantly alter both the geometry of the speci-
men (Sun et al. 2004) and its mechanical properties (Martin
and Sun, 2014), increasing the rupture load and stiffening
the pericardium membrane.
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Fig. 55. Uniaxial tensile curves deduced from the constitutive equation (117).

In these experiments it has also been demonstrated that—
just as in uniaxial fatigue— the first fatigue cycle is different
from the rest, being focused primarily in permanent deforma-
tion of the membrane by alignment of the fibres in the loading
direction (Sellaro et al. 2007). This fact plays a critical role in
the mechanical response of the material, since various studies
have shown that the energy dissipated in the first fatigue cycle
is an indicator of damage in the material, which can be used to
estimate its durability and strength, figure 56 (Garcia Paez et
al., 2009; Rojo et al., 2010; and Claramunt et al., 2011).
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Fig. 56. First loading-unloading cycle in pressurisation tests. The hysteresis curve
of greater area indicates a lower specimen durability to fatigue (Rojo et al. 2010).
Membrane 1: Hysteresis energy in the 1% cycle = 0.09J; failure after 600 cycles.
Membrane 2: Hysteresis energy in the 1% cycle = 0.30J; failure after 13 cycles.
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Tear tests 2men
ghe tear strength of _the perlcardlum has been m_vestlgat_ed a <;:, %\@ g :>
y several authors, given its use as a structural biomaterial, 2%
and the need to know its strength when subjected to loading 70mm
through sutures. Unfortunately, the variability of the results Perighery of
obtained is very large, and depends not only on the type of b g

pericardium but also on the particular crosslinking treatment
and the animal from which it was obtained, so that it is only
possible to establish trends and general values of the ruptu-
re parameters.

Circumference of
the embroldery frame

In 1989 Trowbridge studied the sensitivity of bovine pe-
ricardium membranes to the presence of triangular notches
such as that shown in figure 57. As can be seen in figure 58,
the pericardium membranes are quite tolerant to the presen-
ce of this type of defect, which do not significantly affect the
rupture stress or strain. In this work, it was observed that the

Diaphragmatic

tearing of the pericardium was always accompanied by a pro- 5"7,’;’3,,“;‘,,‘,’5"""
cess of delamination between the fibrous and serous-parietal
layers (see figure 43). Fig. 57. Tear tests on notched specimens. a) specimen geometry; b) anatomi-

cal position (Trowbridge 1989).

Using Elmendorf’s tear test, the specific rupture energies
of bovine and ostrich pericardium have been measured. It
was observed that there is a significant variation with the
length of the tear. Bovine pericardium specimens of smaller
dimensions (tear 2.5mm) had an average energy of 33 N/
mm compared to the 270 N/mm recorded for a tear length
ten times bigger (25mm) (Garcia Paez, et al., 2006). In this
work no significant differences were observed between the
circumferential and apex-caudal directions.
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Fig. 58. Tear stress and strain in specimens with triangular notches. There are no significant differences between the notches and un-notched specimens, nor between
the different locations and orientations of the specimens (Trowbridge 1989)
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Garcia Paez et al. in 2004 also measured the load which
produces the tearing of sutures in bovine and ostrich pericar-
dium (figure 59). The specimen, in the form of trousers, had
dimensions of 20 mm wide and 120 mm long. The load to
initiate tearing in sutured specimens was similar to, or so-
mewhat larger than, that in the pericardium without suturing.

a we YT

Suture  — ~

Direction
O apex-caudal
B circumferential

TEARING LOAD (N/mm)

L 2 3 4 5
Control Pronova Nylon Gore-tex Silk

Fig. 59. a) Specimens use to evaluate the strength of sutures in pericardium.
b) Values of the tearing load (Garcia-Paez et al. 2004)-

However, the energy absorbed in tearing was greater in
the material without the suture, as shown in some Elmendorf
tests. In these, the average tear strength measured in the
apex-caudal direction was 120N/mm in specimens without
sutures compared to a value of 47 N/mm in 10mm sutured
specimens. (Garcia Paez et al., 2010). In these cases, it was
observed that tearing of the membrane produced delamina-
tion between the layers.

A detailed inspection of pericardium membrane ruptured
by the tearing process shows that delamination always occurs
between its layers, in the manner indicated in figure 60.

This phenomenon accounts for the increasing the rupture
energy with greater length of tear (and, therefore, the greater
the delamination area). In their work, Tobaruela et al. (2016)
estimated that the “pure” tear resistance (that is to say, tea-
ring of the pericardium layers, without producing delamination)
is of the order of 30 N/mm, whether the test is performed on
the apex-caudal or circumferential direction, while the dela-
mination process —inseparable from the former— consumes
about 0.5 N/mm, also nearly independent of the test direc-
tion.

Fig. 60. Delamination during the tearing process (Tobaruela et al. 2016).

Effect of crosslinking

For use in bio-prostheses it is essential, as we have noted,
that the pericardium is treated and crosslinked, in order to
avoid it degrading in the interior of the body and to reduce its
immunogenicity potential. Hence, the vast majority of studies
performed have been carried out on treated membranes, as
noted in previous sections.

There are several pieces of work on natural membranes
which show the effect of crosslinking treatment on the me-
chanical properties of the pericardium. In general, the treat-
ment with glutaraldehyde substantially increases the stiffness
of the material and the elongation at rupture, but there are
no conclusive results as to its effect on the tensile strength.
(Trowbridge et al., 1989; and Mirnajafi et al., 2005).

It has been demonstrated that some decellularization pro-
cesses with ionic detergents such as SDS (sodium dodecyl
sulphate or sodium lauryl-sulphate, commonly used in biology
and personal hygiene products), can produce irreversible de-
naturation and swelling of the collagen, which reduces the ten-
sile strength (Courtman et al., 1994; Garcia-Paéz et al., 2000;
and Mendoza-Novelo et al., 2009). Therefore, it is preferred,
if possible, to avoid non-ionic detergents. (Mendoza-Novelo et
al., 2011).
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3.2.3. Applications
The pericardium used as a biomaterial is commonly bovine or porcine, although on occasions other sources such as equine, ca-
nine, ostrich or kangaroo have been employed. Table 2 shows the most important biomedical applications found in the market.

TABLE 2 APPLICATIONS OF PERICARDIUM MEMBRANES (REMI ET AL., 2011)

SOURCE OF

PERICARDIUM SURGICAL APPLICATIONS COMMERCIAL PRODUCT COMPANY
- Repair of soft tissue - Implantable surgical tissue Neovasc, Maverick Biosciences PTY
- Hernias Peripatch® Ltd, Tutogen medical GmbH, RTI
- Defects in the abdominal wall - TutoMesh® Biologics,Med&Care, Biovascular Inc,
and thorax Novomedics
- Suture reinforcement - Veritas Peristrips® Dry Synovis Life Tech
- Orbital reinforcement - Tutopatch® Tutogen medical GmbH, RTI Biologics,
- Ocugard® Med&Care, Biovascular Inc, Novomedics
- Dural repair - Lyolem® All BP National Tissue Bank Malaysia
- Perivascular repair - Parche vascular Peripatch® Neovasc
Bovine or - Cardiac repair and - Implantable surgical tissue Neovasc, Maverick Biosciences PTY Ltd
Porcine reconstruction Peripatch®
- Heart valve replacement - PercevalS® Grupo Sorin
- Mitroflow® Edwards Life Sciences
- Freedom solo®
- Carpentier-Edwards PERIMOUNT®
Magna EaseAortic Heart Valve
- Carpentier-Edwards PERIMOUNT®
Magna Mitral Ease Heart Valve
- Carpentier-Edwards PERIMOUNT®
Theon Aortic Heart Valve
- Carpentier-Edwards PERIMOUNT®
Theon Mitral Replacement System
Equine - Tendon repair - OrthADAPT® Synovis Life Tech
Human - Valvuloplasty - Autologous, homologous

- Heart valve or heterologous grafts
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Heart valves

The most important use of the pericardium as a biomaterial,
as much as for mechanical as economic reasons is found
in the field of biological heart valves (figure 45). The peri-
cardium is used as a valve veil, and must support the conti-
nuous functioning of these prostheses for millions of cycles.
Currently, even though the means of selecting the biomaterial
with a certified durability is not available, which would allow
biological prostheses to compete for reliability with mecha-
nical ones, the latter have the inconvenience requiring the
prescription of an anticoagulant treatment for life.

The most common cause of premature rupture of the pe-
ricardium valve veils is calcification, which stiffens the mem-
brane and promotes the propagation of cracks. This pheno-
menon is known to be associated with the collagen cross-
linking treatments (glutaraldehyde induces calcium deposits)
and, moreover, this is sensitive to the stress-strain state in
the membrane. Currently, this is one of the most active areas
of scientific study.

On the other hand, the introduction of, and the advances
in, the techniques of valve implantation by catheter (percuta-
neous implantation) is driving the miniaturisation of bio-pros-
theses in a form that can be folded and transported through
the interior of a catheter as far as its end point, where it is
unfolded and attached the walls of the duct (figure 61).

Fig. 61. a) Valve for percutaneous implantation.
b) Surgical procedure

This type of application is very demanding in terms of the
thickness and uniformity of the veils, which cannot exceed
about 0.3 mm thickness. Neonatal bovine pericardium is a
good candidate for these applications, being finer and more

elastic that than in the adult. However, the expected duration
of this type of valve, less than 10 years, imposes severe res-
trictions on its use, which is limited to patients whose condi-
tion is highly deteriorated, or at high risk in invasive surgery.

Repair of soft tissue

The traditional use of pericardium membranes has been in
the repair of ruptured membranes of the abdominal cavities
and blood vessels. In these cases, a piece of pericardium
is cut into the desired shape and stitched to the adjacent
tissue, in order to return the structural integrity (figure 62).

Pericardium membranes are indicated for patients with
severe obesity or diabetes, where biological grafts, rather
than synthetic meshes, enhance revascularisation and redu-
ce the risk of postoperative infections.

LPA

Fig. 62. a) Pulmonary artery repair using a pericardium patch.
b) Reinforcement of the suture line in a stomach reduction procedure with
pericardium
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Conclusion

The pericardium, primarily that of bovine or porcine origin,
is a biological tissue that is widely used as a biomaterial
in bio-prostheses for vascular grafts, patches for the repair
of the abdominal or vaginal wall and, more frequently, heart
valves. However, despite the advances achieved over the last
few years, pericardium membranes still present some impor-
tant drawbacks such as the deterioration of its biological ma-
trix and degeneration in the body, often associated with the
appearance of calcification.

There are a large number of decellularisation and cross-
linking protocols aimed at providing stability and durability to
the pericardium to eliminate cell antigens. Of these the most
common is the treatment with glutaraldehyde, which despite
its undeniable advantages, changes the mechanical proper-
ties, the integrity of the extracellular matrix and increases the
risk of calcification.

The problem of calcification, together with the difficulties
in finding material selection procedures which guarantee uni-
form properties, are the principal drawbacks which limit the
use and development of biological heart valves. A better un-
derstanding of the structure of the pericardium and improved
selection and processing methods will improve the concep-
tion and design of pericardium bio-prostheses and increase
the safety of the patients.
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3.3. AORTIC ARTERIAL WALL

3.3.1. Introduction

The aorta is the human artery which distributes blood from
the heart to the rest of the arteries which form the major
circulation system, responsible for carrying oxygenated blood
throughout the body. It is also the largest artery, with an aver-
age diameter and thickness of 25 mm and 2 mm, respective-
ly (Burton, 1954). By means of its elastic deformation, the
aortic artery smooths out the pulsating blood flow coming
from the heart, facilitating the passage of blood to the other
organs and tissues.

The aortic artery is prone to injury induced and/or aggra-
vated by the blood pressure, the most common being the
formation of plates, the development of aneurysms and dis-
sections (or tears) in the wall. It has been found that such in-
juries, like other histopathological changes in the aortic wall,
are spatially correlated with the mechanical stresses pres-
ent (Back et al. 2013). The aortic artery is also sensitive to
ageing, which produces important changes in its thickness,
diameter and stiffness (Lanne et al. 1992).

There is great interest in describing and modelling the
biomechanical behaviour of the aortic wall in order to bet-
ter understand its physiological behaviour and ageing pro-
cess, and to improve and optimise the diagnostic processes
and treatment of aortic illnesses, and the development of
its pathologies. There have, therefore, been a large number
of expositions and constitutive equations proposed for the
biomechanical study of this biological material. The task is
not easy, and a satisfactory knowledge is still a long way
off, since it is difficult to incorporate the complex architec-
ture and composition of the arterial wall into biomechanical
models which are robust and readily transferable to clinical
practice.

In this section, a brief summary of the behaviour of the
aortic arterial wall is presented, together with the current
state of biomechanical modelling, beginning with a short
description of its composition and structure. Its mechanical
behaviour and the most important models used for its study
will then be reviewed. The section is concluded with some ap-
plications of medical interest, such as rupture of aneurysms
and the effect of arterial hypertension.
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3.3.2. Description of the aortic wall

The aortic wall, like other blood vessels, is composed of
an extracellular matrix of proteins and proteoglycans which
maintain its integrity, and a set of cells which, as well as gen-
erating and preserving that a matrix, have direct mechanical
action on the geometry of the vessel in order to control its
physiological function.

The most principal components of the extracellular matrix
are elastin and collagen proteins, which determine the pas-
sive mechanical behaviour —without muscular activation— of
the artery. The smooth muscle cells present in the aortic
wall are responsible for its active behaviour and, together
with the fibroblasts, produce and maintain the extracellular
matrix, (McDonald, 1974).

The structure of the aortic wall is also similar to that of
other blood vessels, being organised in three layers: intima,
media and adventitia (figure 63).

The intima layer is the innermost, and is formed of a mon-
olayer of endothelial cells. These cells develop and grow on
a very thin basal plate, about 80nm thick, formed of type IV
collagen and adhesive molecules, fundamentally laminina 1
and fibronectin. The basal plate is supported, in turn, by a
sub-endothelial lamina composed of connective tissue and
smooth muscle cells aligned with the axial direction of the
vessel. The endothelial cells are plane and elongated in the
axial direction, the direction of the blood flow. Their dimen-
sions are approximately 0.3um x 12um x 40um (thickness x
width x length) (Humphrey, 2002).
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Fig. 63. Structure of the aortic wall. For simplicity, only three lamellar units are
shown.

The endothelial cells are in constant contact with the
blood flow and provide an anti-thrombogenic, low friction
substrate, bearing the frictional shear stress with the blood
whose physiological value lies between 1 and 2Pa. These
cells communicate the variations in the blood flow to the oth-
er cells in the aortic wall, so that they can adapt to the new
conditions (Humphrey, 2002; Chen et al., 2003).

The media layer is primarily responsible for the mechan-
ical behaviour of the aorta, as much because of its dimen-
sions as its components and configuration. It is composed of
sub-layers called lamellar units (figure 64a) which are about
14pum thick (Clark and Glagov, 1985). Each lamellar unit con-
sists of concentric sheets of fine highly crosslinked elastin
fibores (0.1 to 0.5um) between which are inserted smooth
muscle cells and some fibroblasts, all preferentially arranged
in the circumferential direction (O’Connell et al., 2008]. The
number of lamellar units varies as a function of the thickness
of the aortic wall so that the circumferential force which each
unit supports is, essentially, constant at about 2 + 0.4 N/m,
figure 64b (Wollensky and Glagov, 1967).

Bundles of collagen fibres lie between the lamellar units,
running parallel to the muscle cells, surrounding them. These
fibres are wavy and, at physiological pressures, only about
7% of them carry any stress (Armentano et al., 1991).
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Fig. 64. a) Schematic representation of lamellar units (Clark and Glagov 1985)
b) Circumferential force carried by each lamellar unit.
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The adventitia is the outermost layer (figure 63), and is
composed principally of bundles of micrometric-sized colla-
gen fibres and loose connective tissue which anchors the
artery to its surrounding tissue. Some soft muscle cells and,
mainly, fibroblasts are responsible for its maintenance, being
able to adjust the expression and synthesis of collagen in
response to mechanical signals (Bishop and Lindahl, 1999).
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Fig. 65. Structure of the porcine aortic wall as a function of its position.
a) External diameter of the vessel and thickness of each layer.
b) Percentage of cross-section occupied by each component.

The structure and composition of the aortic artery are not
uniform, and change with position, as shown in figure 65. The
elastin content, and in consequence the elastic character
of the vessel, reduces significantly from the diaphragm, into
the abdominal region of the aorta. The diameter and thick-
ness also diminish monotonically away from the exit from the
heart. (Sokolis, 2007).
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Note that the intima layer occupies less than 1% of the total thickness (Sokolis, 2007).
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3.3.3. Mechanical behaviour

Owing to essentially mechanical functions - blood flow and
pressure regulation (by deformation and elastic recovery) -
and also by the number of mechanical defects which it can
suffer (wall ruptures, formation of aneurysms), the aortic ar-
tery has always been at the forefront of the study of biome-
chanics, since the pioneering works of C. S. Roy in 1881.

In a study of the behaviour of the aorta, we must distin-
guish between its passive and active states. The former cor-
responds to the situation in which the smooth muscle cells
are not contracted, while in the latter there is muscular con-
traction. Although, ideally, the passive state is reached when
the cell population dies, some authors regard the passive as
corresponding to the basal cellular state, in which there is
some degree of contraction (basal muscle tone).

Figure 66 shows pressure-diameter tests carried out on
rat aorta under the maximum muscle activation and in the
passive state. The curves were obtained for two different
values of axial elongation in the aorta, since in their in-vivo
physiological state the arteries are always stretched. In the
human aorta the average elongation in-vivo reaches a value
of A =1.4 in young persons, decreasing with age (Horny et al.,
2014). Muscular activation changes the behaviour of the ves-
sel making it stiffer, especially in low pressure zones. Note
that the arterial pressure of rats is similar to that of humans,
having an average value of around 100 mmHg.
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Fig. 66. Pressure-diameter curves of rat aorta in the passive and active states.
The rat aorta is subjected in-vivo to an axial elongation A=1.76. Adapted from
(Agianniotis et al., 2012).

The results in figure 66 indicate that, if it is required to
simulate correctly the in-vivo behaviour of the artery, muscular
contraction cannot be ignored. The same is true of the other
arteries, since the effect of the smooth muscle contraction
on the artery wall increases as we move away from the heart,
and becomes very important in the farthest arteries—called
muscular— such as those originating in the celiac trunk, renal
or radial arteries. The presence of the smooth muscle and its
activation, not only change the elastic response of the aorta
but also significantly affect its viscoelastic behaviour.

Examination of passive behaviour shows that the pres-
sure-diameter curves of the aorta has two zones of very dif-
ferent stiffnesses, figure 67. The first of these zones corre-
sponds to the region with pressures equal to, or less than,
the physiological, while the second is where they are higher
than the normal physiological pressure of 120 mmHg. When
the vessel exceeds this value of pressure, its stiffness in-
crease greatly-by almost an order of magnitude— due to the
collagen fibres coming into play, which were initially wavy and
stress-free.
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Fig. 67. Pressure-diameter curves for human aorta (20 year old female) in the
passive state. (Garcia-Herrera, 2008).

The functioning physiological zone, of pressures between
70 and 120mmHg, is situated in the most flexible region of
the pressure-diameter curve, immediately before the transi-
tion. In this interval, the mechanical behaviour of the aorta is
almost exclusively controlled by the elastin fibres, which are
very elastic (Roach and Burton, 1957). Therefore, when work-
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ing in the physiological range, the aorta exercises its entire
capacity to deform elastically to accommodate the volume of
blood pumped by the heart, and to smooth out its delivery
to the rest of the arterial system, in a phenomenon known
as the Windkessel® effect. When the pressure rises above
the physiological level, the collagen fibres are activated, as a
reinforcement which prevents excessive deformations which
could lead to rupture of the vessel.

The uniaxial tensile test on the arterial wall, although
somewhat removed from the real mechanical situation than
the pressure-diameter test on the vessel, is more frequently
used due to its ease of execution and data interpretation.
Figure 68 contains data from uniaxial tensile tests to rupture,
performed on healthy adult (ages between 16 and 36 years)
human aortas.
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Fig. 68. Fig. 68. True stress-strain curves for specimens from the human aorta
of healthy young adults (16 and 36 years), in the passive state. (Garcia-Herrera,
2008).

These experiments provide a graphic illustration of the an-
isotropy in the aortic wall, which is much stiffer and weaker
in the axial than the circumferential direction, since, as has
been seen in the previous section, the collagen fibres, like
those of elastin, are distributed preferentially in the circum-
ferential direction.

Uniaxial tensile tests are also very useful in characterising
the behaviour of aortic material as a function of time. Figure
69 shows loading and unloading cyclic tests performed on
specimens orientated in the longitudinal and circumferential
directions. The material initially shows an important hystere-
sis loop which is significantly reduced after a small number
of cycles, attaining a repetitive and stable behaviour*®. From a
physiological point of view, the hysteresis cycle has an impor-
tant damping effect which helps reduce the flow and pressure
fluctuations produced by the waves generated by the heart
beat.
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Fig. 69. Fig. 69. Cyclic true stress-strain curves of human thoracic aorta spec-
imens. Adapted from Horny et al. 2010.

® In German windkessel means air chamber, referring to devices used in water tanks by XVIII th Century firemen to obtain a continuous flow of water, and
eliminate pulsations of the pump piston. The elastic deformation of the arterial aorta and other elastic arteries store some of the blood pressure from the heart
systole, and return it to the arterial system during the diastole, smoothing out the blood flow. This idea was proposed by the English scientist and cleric Stephen
Hales (1677-1761), and mathematically modelled by the German physiologist Otto Frank (1865-1944).

10 This phenomenon, known as the Mullins effect, was first described for rubbers by the English researcher Leonard Mullins (1918-1997).
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Biomechanical models

The first challenge appears when considering the structure of
the aortic wall. The aorta is a combination of solid components
(protein, proteoglycan and cellulose fibres) and water, the great
part of which have little mobility being tied by the proteoglycan
and elastin macromolecules. Even so, there is a radial flux
generated by pressure differences in the blood, in the interior
of the artery, and the interstitial fluid in the exterior which is es-
sential for the diffusion of nutrients and signalling molecules.
On the other hand, the disposition of the solid components is
very complex as we have seen, and there is not —as occurs in
all biological materials— and clear distinction between material
and structure, since the different components interact over a
wide range of scales of observation, from the molecular to the
microscopic level, without interruption.

In order to overcome this difficulty using the mechanics
of continuous media it is necessary to assume that the aor-
tic wall is a continuous solid** composed of homogeneous
parts. Although this assumption is common, and has been

made for all types of materials, in the case of biological mate-
rials, due to its internal organisation, this distinction is totally
arbitrary and is made solely on the basis of the available
data and/or the type of information required in the model.
Therefore, we will have to consider the simplest models of
the aortic wall as a single homogeneous material (for exam-
ple, Hoppmann and Wan, 1970), or a homogeneous material
reinforced with fibres, as in the case of Gasser et al. 2012.
The most complex models consider the aorta as a material
composed of several phases, each one with its own laws of
evolution, Clearly, an increasing level of detail requires more
sophisticated techniques and more refined experimental data
which allow a reliable determination of the parameters of the
models, which is not always possible.

It is not the aim of this test to go deeply into the biome-
chanical models of the aorta, so we will only provide a few
simple examples, concentrating on the passive behaviour. For
a deeper understanding of the topic, the interested reader
can consult the bibliography at the end of the chapter.

TABLE 3: VALUES OF SOME THREE-DIMENSIONAL STRAIN ENERGY FUNCTIONS USED TO MODEL THE BEHAVIOUR
OF THE AORTIC WALL IN THE PASSIVE STATE.

MATERIAL STRAIN ENERGY REFERENCE
Deimirai (1981)
W =coexp(c,,—1) Polzer et al. (2013)
Riveros et al. (2013)
Isotropic
Yeoh (1993)
N N=2: Raghavan and Vorp (2000)
W = Vi
Dl N=5: Polzer et al. (2013)
W=c, (eQ—l) Chong and Fung (1986)
0= C|E§H + C2E323 + C3Er2r +C,EpEy +cE, Ey,
+ c()ErrEHH +C7E63E39 + CSEV3E3r + C‘JErHEHr
W =c,|exp(c,E,, | +exp(c,Ex ) +exp(c,EEy) -3 Choi and Vito (1990)
. o[exp(aF ) rexp(eaF) +exp(estinEs) 3] Van der Geest et al. (2006)
Orthotropic

W =-cIn(1-Q)

1 1
0= ECIEQZE) + 562E323 +CEyEy,

W=60]1E+E:lc”{exp[czl. (I4l- —1)2]_1}

Matsumoto and Hayashi (1996)

Holzapfel and Gasser (2001)

W is the strain energy per unit volume in the reference configuration.
c; are the appropriate constants for each models.
1, is the first invariant of the Green-Lagrange strain tensor.

1,;is a parameter which takes into account the strain according to the orientation of the ith family of fibres.

1 We understand a continuous solid to be one which completely occupies the space over which it extends, so that it leaves no “gaps”. Therefore, a
continuous solid can be subdivided infinitely, with every one of its parts keeping the properties of the original solid.
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The simplest models represent the aortic wall as a con-
tinuous, elastic, incompressible material. This hypothesis is
reasonable as a first approximation, since the materials can
be considered continuous at the macroscopic scale (in the
region of mm), which is the level at which surgical procedures
are carried out (sutures, prosthetic implants and grafts, etc..)
and also the level of precision of the common experimental
measurements, both purely mechanical (forces and displace-
ments), and flow and blood pressure. This implies that the
stresses and strains obtained from the models lose their
physical meaning below the millimetric scale, similar to that
which occurs with homogeneous solids such as concrete, in
which it is meaningless to specify stresses and strains ob-
tained from continuous material models in regions smaller
than the size of the aggregate.

On the other hand, as we have seen in figure 69, if the
loading is cyclic the arterial tissue is stabilised and presents
a response which does not vary with time. In this way, un-
der the action of cyclic pressures originating in the heart, the
arterial wall is found to be preconditioned in the sense in-
dicated in section 2.2, so that one-to-one relationships can
be established between stresses and strains, for the loading
and unloading branches. This situation allows a hyper-elastic
representation of the constitutive equation®? valid (and only
valid) for each branch. This is the pseudo-elastic process pro-
posed by Fung in 1979 (Fung et al. 1979) and which is still
used today.

Finally, as a result of its high water content, the aortic wall
—like the majority of biological tissues— can be considered to
be an incompressible material. This does not mean that there
are no volumetric strains, but rather that these are several
orders of magnitude less than the others, so they can be ne-
glected without loss of accuracy?*s.

As was observed in section 2.2.5, hyper-elastic models
are defined in terms of the strain energy per unit volume in
the reference configuration % =f(E). From this, employing
equations (66) the second Piola-Kirchhoff stress tensor S can
be obtained, while using equation (67) (for the two-dimension-
al problem) or (69) (for the three-dimensional problem) yields
the Cauchy stress tensor o.

When the material is isotropic, the strain energy function
W=f(E) can be written as W=f(1g, 15, I5g), depending only
upon the invariants* of the strain tensor, E. Table 3 shows
some of the more popular isotropic functions for aortic tissue,
in which, normally, 9/ only depends upon the first invariant.
Even though the aortic wall is not isotropic, these expressions
are useful for one-dimensional representations in which it is
required to model a single relationship, such as the force-dis-
placement curve in a uniaxial test, or the pressure-diameter
behaviour under axial elongation in-vivo, without concern for
the values of the other strains or forces acting.

In order to model the anisotropic behaviour of the aortic
wall the anisotropy is introduced directly into the hyper-elastic
constitutive equation, either by writing it as a function of the
individual components of the strain tensor, or through the par-
ticular invariants that take into account the structure of the
material.

From the configuration of the constituents, described in
section 3.3.2, the aortic wall is considered as an orthotropic'®
material whose principal directions are the radial, circumfer-
ential and axial axes, which were defined in figure 22c. For
this reason, some models define the strain energy function
w directly in terms of the components of the Green-Lagrange
strain tensor in these axes, as shown in table 3.

Alternatively, some authors model the anisotropic behav-
iour using an isotropic strain energy function to which the de-
pendence on some specific parameters I, is added, which ac-
count for the directions of anisotropy W =f(1,g, Isg, Isg, 14, 15,
I;...). In general, each parameter [, takes into account the
effect of a family of reinforcing fibres, according to their orien-
tation in the aortic wall. One of these models is also shown in
table 3. Details can be found in the references.

12 As the reader will have already observed, in order to avoid confusion with the elastic behaviour under small deformations, it is usual to adopt the word hyper-
elastic in order to refer to elastic behaviour in the presence of large deformations.

3 An incompressible material does not change its volume no matter what load is applied. From a practical point of view, we can consider a material to be

incompressible when its bulk modulus is much greater than its elastic modulus.

14 In an isotropic material the strain energy does not vary with the special orientation of the strain tensor, and therefore depends only upon its invariants,
defined as I, =trE , I, =(tr’E - trE?)/2 and I, =(tr’E - 3 trE trE? + 2trE®)/6. The number of independent invariants is equal to the number of dimensions of the

tensor: (I3, I,) for two dimensions and (I, I,, I3) for three.
15 An orthotropic material has three planes of material symmetry.
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3.3.4. Application: Arterial hypertension

Sustaining a high pressure in the arteries (typically more than
100 mmHg diastolic and 140 mmHg systolic pressures) caus-
es remodelling and a permanent change in its geometry and
mechanical properties. Later we will present, as an illustra-
tion, the study performed by Matsumoto and Hayashi (1994,
1996) who investigated the behaviour of rat aortas into which
hypertension was induced over eight weeks by mechanically
reducing the cross section of the renal artery.

After dispatching the animals and extracting their thoracic
artery, the authors found that the thickness of the aortic wall
increased considerably owing to the increased thickness of
the lamellar units, while the internal radius of the artery was
unchanged, or slightly increased. As a result of this change
in geometry, the circumferential stress in aortas subjected
to the hypertension remained essentially constant at the
physiologically normal value of o,,=300kPa. The thickening
of the wall also increased the value of the residual stresses,
whose angle of aperture angle a (see section 1.3, figure 10)
appeared to increase linearly with the arterial pressure. The
remodelling of the vessel also produced a reduction in the
in-vivo elongation, 45, of 15%.
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Fig. 70. Pressure tests under axial elongation of arteries subjected to chronic
hypertension.

a) Pressure-diameter curves and fit of the biomechanical model.

b) Value of the axial force and fit of the biomechanical model.

The in-vivo elongation of the normotensive vessels is about 1.37, and that in hy-
pertension is about 1.14. Adapted from Matsumoto and Hayashi 1996.1996.a

Figure 70 shows a comparison between Matsumoto and
Hayashi’s constitutive equation proposed in table 3 and exper-
imental data from the pressure-diameter test. In this case a
calculation was performed in which the vessel’s internal resid-
ual stresses (measured by the angle of aperture) were incor-
porated.

As can be observed, the model agrees reasonably well
with multiaxial load produced by the pressure and simultane-
ous elongation of the vessel. The values of the parameters
obtained were:

¢ =69.1kPa, ¢,=1.317, ¢,=2.001, ¢;=0.355
for the aorta which had suffered arterial hypertension
(hypertensive aorta), and

¢=94.2kPa, ¢,=0.773, ¢,=1.031, ¢;=0.237
for the aorta under normal pressure conditions
(normotensive aorta).

Figure 71 contains the predictions of the model for uniaxi-
al tests in the circumferential and axial directions. The model
adequately reproduces the large stiffness of the vessels in
the axial direction and the general stiffening produced by the
hypertension.
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Fig. 71. Modelling of uniaxial tensile tests on normotensive arteries and those
subjected to chronic hypertension. a) Tested in the circumferential direction) and
b) Tested in the axial direction. Adapted from Matsumoto and Hayashi, 1996.
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Several models developed to predict the evolution of the
geometry and properties of hypertensive arterial walls have
been developed. Perhaps the first and simplest —despite its
complexity— was proposed by Rachev and co-workers (Rachev
et al. 1998) which used the strain energy function suggested
by Chong and Fung (1986).

The model proposes phenomenological approaches for
the temporal development of the variables which control the
geometry and the strain energy function /.

Predicted values of the temporal variation of the thick-
ness and angle of aperture (as a measure of the residual
stresses) are shown in figure 72 for the rabbit thoracic aorta,
using the model.
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Fig. 72. Model of the temporal variation of the hypertensive rabbit thoracic
aortic. a) Variation of the aortic wall thickness and, b) Variation of the angle of
aperture. Adapted from Rachev et al. 1998.

The model correctly predicts a monotonic increase in the
aortic wall, reaching an equilibrium state when the thick-
ness is approximately 50% greater than that of the normo-
tensive vessel. The temporal evolution of the angle of aper-
ture presents a very rapid increase followed by a drop to an
asymptotic equilibrium value which can be above or below
the control value, depending upon the location of the vessel,
an observation also made by several authors (Fung and Liu,
1989). A similar trend (not shown in the figure) is observed
for the internal radius, which tends rapidly to its initial value.

This model also correctly predicts the evolution of the me-
chanical behaviour of the vessel, which reproduces the ex-
perimental observations of Matsumoto and Hayashi (1994),
as shown in figure 73.
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1998.
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Conclusion

Aortic tissue —and biological tissues in general- manifests
a huge capacity to adapt to mechanical changes to its sur-
roundings, so it is increasingly urgent to have accurate, ex-
perimentally validated, biomechanical models which allow a
better understanding of these processes, and are useful as
a guides to the design and implementation therapeutic inter-
ventions and new medical devices. In this context, the bio-
mechanics concepts illustrated in these pages are useful for
establishing a sound and objective foundation upon which to
build and develop new theories which, with the aid of power-
ful computational techniques, can be brought to bear in their
biological study and medical practice.
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3.4. ELASMOID SCALES

3.4.1. Structure of elasmoid scales

The structure of elasmoid scales is, at first glance, simple. In
a cross-section of the scales two layers can be distinguished;
a hard surface layer, of collagen which is highly-mineralised
(with apatite), and a soft lower layer, with less-mineralised col-
lagen, formed by packets of superimposed fibres of different
orientations. These scales, which are thinner than ganoids
scales, are anchored to the dermis and partially overlap ad-
jacent ones.

Two types of elasmoid scales are shown in figure 74: Cy-
cloids (figure 74a) have a smooth exposed parts and their
form is oval or almost circular, while ctenoids (figure 74b) have
rough patches or spines on their exposed parts. Rings, corre-
sponding to stages of growth, can be observed on the scales.
The spacing and other details of these lines give clues to
the life of the fish —growth, spawning, and other development
events— which can be interpreted by expert biologists. Radial
lines can also be seen, which appear to emanate from a fo-
cus, located at the centre of the rings.

exposed part

focus

rings

CYCLOID

exposed part

b focus

spines

radial lines

CTENOID

Fig. 74. Types of elasmoid scales

One of the scales studied in most detail is that of the fish
Arapaima gigas (Sherman et al. 2017), previously mentioned
in section in 1.5. The scales overlap, so that, on average,
the each part of the skin is covered with three scales. Part
of each scale is exposed and the other part covered by the
adjacent scales.

The hierarchical structure of these scales is shown, in a
simplified form, in figure 75. Note that the structures consid-
ered range from centimetres to nanometres, that is, about 7
orders of magnitude. The exposed part of the scale is covered
with a hard corrugated, highly mineralised, layer, (inhabitants
of the Amazon used these scales to file their nails) which
can reach a thickness of 0.5 mm. Underneath this hard layer
there is another, softer, one formed of collagen fibre sheets
arranged in parallel packs, with thicknesses of about 50 pm.
These sheets are stacked almost orthogonally (figure 75). The
sheets themselves are formed of cylindrical bundles of fibres,
with diameters of approximately 1.0 ym. Each bundle is, in
turn, composed of collagen fibrils of about 200 nanometres in
diameter (Yang et al. 2014).

50 um I 100 nm fibril

sheets

Fig. 75. Hierarchical structure of the scale of Arapaima gigas.

Another elasmoid scale which has been studied in some
detail is that of the Megalops atlanticus, the shad or tarpon
(Murcia et al. 2018, Gil-Duran et al. 2016). It is a large sil-
ver fish with a compressed fusiform body, which can reach a
length of two metres. While it is a sea fish, it can survive the
river waters because it can tolerate waters which lack oxygen
by inhaling air directly into its swim bladder, which acts as a
lung.
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A simplified cross-section of these scales is shown in
figure 76a in which three regions can be identified: A hard
external layer formed of highly mineralised collagen, with an
apatite mineral/collagen ratio greater than three, and an in-
ternal softer layer, also formed of less-mineralised collagen
fibres, known as elasmoidine. This second region can, in turn,
be subdivided in two (figure 76a); an upper layer, with a min-
eral/collagen ratio which varies between 3.0 and 0.5, and
an inner layer of elasmoidine with a mineral/collagen ratio
of less than 0.5. The collagen fibres are grouped into helical-
ly-stacked sheets, whose average thickness is about 20 ym.
In this structure, called a Bouligand structure (Y. Bouligand,
1972), the angles between the adjacent sheets can vary from
35° to 85°.

external layer CL

upper elasmoidine layer EE

inner elasmoidine layer El

external layer CL

upper elasmoidine layer EE

inner elasmoidine layer El

indicative sizes

Fig. 76. a) Cross-section of the scale of a shad
b) Cross-section of the scale of a carp

Other types of elasmoid scales which are worth examining,
in order to compare the structures in different circumstances,
are those fish which do not have special needs, both in lo-
comotion and in protection against predators. Carp, Cyprinus
carpio, is a fresh water fish which serves this purpose.

A simplified cross-section of a carp scale is shown in figure
76b. The structure is very similar to that of the shad, but thin-
ner (Murcia et al. 2015). Three regions can also be identified;
a hard external layer, of highly mineralised collagen, and an-
other inner layer of less mineralised collagen (elasmoidine).
The collagen fibres are also grouped in sheets, whose aver-
age thickness is about 10 ym, and the sheets are helically
stacked, as in the shad.

The elasmoid scales of other fish are similar, but differ in
size and detail, depending upon their anatomical position. S
Murcia et al. (2017) performed a comparative study between
the three scales discussed, with the following results:

— The materials which form elasmoid scales are a combi-
nation of type | collagen and apatite. Unlike hard mineral
tissues, such as bone, dentine or enamel which are highly
mineralised, elasmoid scales have lower mineralisation,
which allows the construction of an armour which may be
flexible to facilitate the motion of the fish.

— In all three examples, the microstructure is similar. Three
distinct zones are apparent, although the thickness of the
scales varies; about 1.5 mm for the arapaima, less than 1
mm for the shad, and less than 0.5 mm for the carp.

— The thickness of the surface layer, the hard layer, is much
larger in the arapaima than in the other two fish; between
500 and 300 um for the arapaima, and less than 100 pym
for the shad and carp. Perhaps this is due to the fact that
the arapaima must withstand the teeth of piranhas. A curi-
ous fact is that, in both the shad and carp, this thickness
is the same in the scales of the head, as those of the body
and those of the caudal peduncle. This is not the case in
the arapaima, in which the thickness decreases with dis-
tance from head to tail.

— The thickness of the sheets formed of collagen fibres also
varies; about 50 pm for the arapaima, more than 20 pm
for the shad and 10 pym for the carp. The most important
difference is found in the stacking of these sheets; in the
shad and the carp the stacking sequence repeats itself
every five lamina, while in the arapaima it is every two.
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3.4.2. Mechanical properties

The objective in studying the mechanical properties of elas-
moid scales is to try to understand their tenacity, flexibility
and resistance to penetration, for two reasons; the first, in
order to determine the role each component plays in such
a hierarchical structure and, secondly, to derive ideas which
would allow the design of armours with the same or greater
benefits than those offered by nature. To this end, convention-
al tensile, tearing and puncturing tests have been performed.

Tensile tests

Experiments were carried out with prismatic specimens, such
as those shown in figure 77, and tested in tension, record-
ing the force as a function of the displacement. These data
reflect the response of a complex structure —this does not
relate to a homogeneous isotropic material but a heteroge-
neous and hierarchical one— and, in consequence, represent
the behaviour of the whole structure and not that of some
component. In order to evaluate the contribution of the dif-
ferent elements, when it is not possible to test them sepa-
rately, models have been developed based on the available
information and, to test their validity, they are compared with
the experimental results. Because of the characteristic the
structure of the scales it should not be surprising that the
tensile tests show that the material is anisotropic and that,
moreover, the results have a large dispersion introduced by
the heterogeneity of the samples.
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Fig. 77. Tensile tests on scales of Morone saxatilis. Influence of anisotropy. (Zhu
etal. 2012).

Anisotropy has been investigated in a series of tests per-
formed by Zhu et al. (2012) on scales of the striped bass
(Morone saxatilis), an anadromous fish found along the At-
lantic coast of North America, and which, though living in the
sea, enters freshwater to reproduce. This fish can reach a
length of 150 cm and a weight of 30 kg. The shape and dis-
position of the specimens, which were tested in tension, are
shown in figure 77a and the results of these tests present-
ed in figure 77b, in which a large dispersion of the results is
apparent (shaded zones). The average values of the initial
elastic modulus ranged from 600 MPa, for specimens with
an orientation of 45°, up to 850 MPa, for specimens orien-
tated in the longitudinal direction of the fish, 0°. Specimens
with a 90° orientation yielded intermediate values. As for
the tensile strength, the values obtained were; 30 MPa for
0° and 50 MPa for 90°, with intermediate values when the
orientation was 45°.
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Fig. 78. Tensile tests on scales of Megalops atlanticus. Influence of position.
(Murcia et al. 2018).
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The heterogeneity of the scales varies according to their
position, that is to say, whether they are in the head, middle
of the body or tail, as is also apparent. For example, in the
tests performed by Murcia et al. (2018) on shad scales (Meg-
alops atlanticus), mentioned above, the heterogeneity can be
appreciated. The locations from which the specimens were
taken are identified in figure 78a and in this experiment the
orientation was always the same, in the longitudinal direction
of the fish (0°, following the previous notation). Engineering
stress-strain curves which represent the average values of
the results are shown in figure 78b. In summary, the values
obtained, which confirm the heterogeneity of the material, are
as follows: The initial elastic modulus diminishes from head
to tail; from 300 MPa for scales taken from the head to 150
MPa for those from the tail. The tensile strength data have
a large spread in values, the average strength of specimens
taken from the head was greater than those of specimens
taken from the other locations, reaching 35 MPa. The average
value for specimens from the middle was about18 MPa, while
that for those taken from the tail was about 15 MPa.

In order to substantiate these results, Murcia et al. (2018)
proposed a semi-empirical model —valid only for elastic be-
haviour— in which account is taken of the contribution of the
three regions of the elasmoid scales (figure 79a), discussed
in the previous section; the hard external layer, surface layer
(SL) and the internal and external layers of the elasmoidine
layer, (IE) and (EE) respectively. (Later, a brief summary of
how to develop this type of model will be provided, only for
information purposes. The reader interested in the detail of
the derivation should consult the cited reference).

The model assumes that each layer behaves as a Hookean
spring and that the three layer act in parallel, so that the re-

b

lationship between the applied force F), (in a direction parallel
to the layers) and the displacement, A is given by

F= (ML) S (A Ey)

where E;and A, (i = 1, 2, 3) are the area and elastic modulus
of each layer, so that

o=FA=(NL)Z (A E;/A)
in which A=A, + A, + A; is the total area.

Since the width of the three layers is the same, the ratios
of the areas are the same as those of the thicknesses (¢,
l,, t; and the total thickness t) which are known values (from
microscopic observation of the cross-sections). The above
expression can then be written as

o=Et=(,E/t + LE/t + 1,E/1) € = (B, + 0E, + 03E5)
€

where ¢ = A/L is the total strain. Approximately, o, = 0.12,
a, = 0.30 and o; = 0.58. It then remains to evaluate E|, £,
and Ej.

The elastic modulus of the hard layer, E,, is calculated by
discretising the layer in to six slices, as shown in figure 79c,
bearing in mind that the percentage of mineralisation of the
layer varies from70% to 17%, as shown in figure 79b. The
average value of each slice is calculated from values of the
moduli of the matrix and collagen fibres, using data from the
literature, and employing Nielsen and Chen’s (1968) model
for composite materials with short, randomly distributed, fi-
bres.
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Fig. 79. a) Cross-section of a carp scale. b) Distribution of the mineralisation across the three layers. ¢) Scheme used for the calculation. Area A; of each layer is the
product of its thickness t; i and the width of each scale (in the direction perpendicular to the plane of the drawing)
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Calculation of the elastic modulus of the external elas-
moidine layer, E,, is more complicated, because this region
has a laminar structure, with the sheets helically stacked.
The sheets are formed of mineralised collagen fibres. Sev-
eral, quite sophisticated, models were suggested for the
calculation of the elastic modulus of these structures, but
the authors (Nielsen and Chen) proposed an average value,
given by

E,=3(t/ty) E9)

where t; is, now, the thickness of each lamina, ¢, the thick-
ness of the layer, and 6; the angle the two sheets form be-
tween each other. E(6,) is calculated using the above cited
Nielsen and Chen model.

Finally, since the internal elasmoidine layer is hardly min-
eralised (figure 79) it is assumed that the elastic modulus,
E;, will be of the order of that of hydrated collagen fibres, at
about 0.15 GPa.
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Fig. 80. Elastic modulus values as a function of the percentage of the hard
layer (CL). Comparison between experimental and calculated results.

Experimental values of the initial elastic modulus are
compared in figure 80 to those calculated from this model.
The average error between the predictions and experiment
is about 7%, a reasonable value bearing in mind the nature
of this type of material. From the results obtained it can be
seen that the elastic modulus depends greatly upon the con-
tribution of the hard layer, CL, which is preponderant in the
head region of the fish. The predictions of this model are

largely based upon the mineralisation of its components, the
model could be improved if account were taken of the interac-
tions between the collagen fibres in the elasmoidine regions,
EE and IE. Anyway, the models put into relief the various roles
—percentage and distribution— of some of the components
which allow the design of better armours.

A further step in modelling is to resort to smaller levels;
to model the collagen fibres, their distribution in the sheets,
and the effectiveness of different forms of stacking. For such
a proposition, numerical analysis is a very useful tool and, in
particular, in models based on molecular dynamics.

Yang et al. (2018) have used these techniques in order
to understand how the collagen fibres behave in tensile test
on arapaima scales. The structure of the elasmoidine was
modelled as a superposition of bundles of collagen fibres.
Each bundle was composed of three superposed laminas
which form angles of 42°, 78°, and 18° between each other.
And each lamina was composed of parallel collagen fibres.
Each fibre was, in turn, modelled like a string of rosary beads
in which the beads are connected by springs, (here, lower
levels were not considered, and the fact that the collagen
fibres were formed of fibrils was ignored). This model allowed
an investigation of how the angle between two sheets, the
interaction between fibres, and the stiffness of the fibres,
influence the mechanical response of the scales.

In the tensile tests, calculation of the stress as a function
of the strain was performed assuming a hyper-elastic ma-
terial, with a potential function which took into account the
interaction between two beads, between three beads, and
that between fibres. Not all of the parameters needed for
this calculation were known, so it was necessary to pick the
unknown parameters which gave the best fit to the experi-
mental results, such as in the case of the interaction energy
between the fibres (this value can vary between 0.05 and
3.0 J/m?, and the best fit in this case was about 1.0 J/m?). If
it is assumed that failure of the scale is initiated with the first
separation of the collagen sheets, the calculated value was
about 26.4 MPa, which fits quite well with the experimental
data, between 30 and 40 MPa. Once again, the model can be
refined to provide a further step toward evaluation of the con-
tribution of each element, and of the microstructure in detail,
which would permit a better understanding of the mechanical
behaviour of this very hierarchical material.
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Rupture by tearing tests

The greatest threat met by a fish is the teeth of an adversary,
an attack can cause tearing of the scales. From this perspec-
tive, in an analysis of the tear resistance of the scales it is
useful to know how the distinct components of this hierarchi-
cal structure stand up in against the cited threat.

S. Murca et al. (2015) investigated the tear resistance of
carp (Cyprinus carpio) scales and demonstrated that the spe-
cific tear strength R (see section 2.3.3) depends, to a large
extent, on the mineralised external layer and the external
elasmoidine layer, such that the tear resistance increases
with the thicknesses of these layers.

0°

450

In these tests the anisotropy and heterogeneity of the
scales were taken into account, depending upon their posi-
tion. Figure 81a outlines how the anisotropy was studied; by
testing specimens prepared with different orientations; 0°,
45°, and 90°. The heterogeneity was also examined by test-
ing scales near the head, from the middle region of the body
and the tail, as indicated in figure 81b.

The average specific tearing resistance, R, was deter-
mined following the process outlined in section 2.3.3. The
dimensions of the specimens are shown in figure 81c, to-
gether with a sketch of the test configuration.

90°

13.3 mm

20 mm

7.5 mm

Fig. 81. Tear test on the scales of Cyprinus carpio. a) Position of the samples to investigate the anisotropy. b) Position of the samples to investigate the heterogeneity.

¢) Dimensions of the samples and schematic arrangement of the test.
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Since the scales have a nonlinear behaviour in the ten-
sile tests, it was assumed that they could be treated as an
elastomeric material, and that equation (93) could be used to
calculate R, that is to say

R =25t oy
B

Where F, B and W are defined in figure 81c, A=l/l,=1+¢,
and ¢ is the engineering strain remote from the tear, and Wis
the elastic strain energy density referred to the undeformed
volume of configuration, also far from the tear.

The cited authors argue that, in this case, the strain, ¢, far
from the tear is negligible compared to 1, and that the elastic
strain energy density %/ is also small. Consequently, the pre-
vious expression can be approximated by

R=2Fy/B

The authors performed tear tests at ambient temperature
(21°C) and at low temperatures; 0 °C, - 30 °C and - 150 °C.
The results of an experiment at ambient temperature, on a
scale near the head and with an orientation of 0°, are pre-
sented in figure 82.
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Fig. 82. Tear test on scales from Cyprinus carpio, at ambient temperature, with
a scale taken from a region near the head, and an orientation of 0°.

The scales near the head showed a marked anisotropy in
the tests at ambient temperature. The average values were:
120 kJ/m?with scales orientated at 0°, 100 kJ/m? for a 45°
orientation, and 90 kJ/m? for those at 90°. For scales taken
from the middle region of the body and tail anisotropy was
not so apparent and, in both cases, the average value, for the
different orientations, was about 90 kJ/m?2.

Heterogeneity was also observed in tests performed on
scales taken from different locations on the body. At ambient
temperature, scales located near the head gave higher val-
ues than those from the middle and tail, these last two gave
similar values.

The authors of this study concluded that the specific tear
resistance depended primarily on the thickness of the miner-
alised external layer, and the number of laminas in the exter-
nal elasmoidine layer. These two microstructural features are
functions of the anatomical position of the scales and are,
possibly, related to the functional needs of the fish.



Examples

99

Puncture tests

The principal function of scales is in the mechanical protec-
tion against aggressors, particularly from the teeth of pred-
ators. The tensile strength and tear resistance, although
important properties, are not sufficient for the evaluation of
the resistance to sharp puncture. Indentation tests (see sec-
tion 2.2.3 in Biological Materials—three-dimensional) provides
more information on the ability of scales to resist the action
of pointed objects, capable of perforating the skin and dam-
aging the softer, weaker internal tissue.

D. Zhu et al. (2012, 2013) studied the resistance of the
elasmoid scales of the Atlantic sea bass (Morone saxatilis),
whose characteristics were outlined above, in section 3.4.2.
For this, they first investigated the behaviour of a single scale
under shear punching and then, the more representative,
case of three overlapping scales.

The penetration resistance of a scale was investigated
using a device —shown in simplified form in figure 83a— which
was designed to simulate the tooth of a predator. The indent-
er terminates in a rounded point of radius 25 pm. The scale
rests on a silicon substrate which is meant to simulate the
skin protected by the scale. Typical output data from these
tests is the force as a function of the displacement of the
indenter, which are shown in figure 83b. In all cases, a small
step was detected, at about 2 N, and the maximum values of
the force lay between 3.0 and 3.5 N.

Theses authors distinguished three stages in the tests
(figure 83b): The first, associated with the initial linear part of
the force-displacement curve, corresponds to the bending of
the scale. At the end of this stage —at a load of about 2 N-
cracking of the hard layer of the scale, and sliding and sepa-
ration of the most mineralised layers of the elasmoidine, are
initiated. Finally, the indenter perforates the scale and caus-
es a sudden drop in the load, giving rise to the third stage.

In a more detailed analysis of this process, D. Zhu et al.
2012 showed that during sharp puncture, the scale —in the
second stage— goes through two phases: First, the hard ex-
ternal layer cracks, following the pattern shown in figure 83c,
and creates four plates of hard material. In a second phase,
the deformation of these plates is impeded by the fibrous
elasmoidine layer which acts as like a resisting membrane
due to the elasticity of the collagen fibres. Thanks to these
two processes, the strength of the scale increases about
50% rising from 2 to 3 N. The combination of the hard layer,
which can crack in a controlled manner, and the soft elastic
substrate, results in an effective design to defend it against
puncture.
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Fig. 83. a) Schematic representation of a device for the puncture test.
b) Distinct stages in the test.
¢) Schematic representation of the rupture of the hard layer.

In reality, a sharp puncture attack is not resisted by just
one scale, the scales overlap and share the load among
themselves. D. Zhu et al. (2013) investigated this phenom-
enon in striped bass, in which the scales are arranged in
overlapping rows so that each scale overlaps with another
six —three on the front and another three on the back- in
this arrangement, every point on the surface is covered with
three scales. For these test, the authors used a device sim-
ilar to that described above, and studied in influence of the
stiffness of the substrate, the number of scales, the friction
between them, and the way they overlap.
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The stiffness of the overlap influences the results. Three
substrates were tried; a rigid one, an elastomer, and the oth-
er simulating the natural substrate of the fish. The force-dis-
placement curves had similar values for the maximum force,
but very different values of the displacement under the max-
imum load; small values for the rigid substrate, large values
for the elastomeric and even larger for the natural.

The experiments on different superposed scales showed,
as might be expected, that the puncture force increased with
the number of scales. The most striking result was that the
perforation mechanism was similar to that observed in ex-
periments on a single scale, which was replicated in passing
from one scale to another.

The influence of friction between the scales was investi-
gated by means of a puncture experiment with two scales and
numerical simulation of two extreme situations; two scales
bonded together, and two in contact, without friction between
them. The experimental results showed that the influence of
friction was, at least in this test, negligible.
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Fig. 84. a) Different arrangements of the three overlapping scales.
b) Different behaviours of the scales and substrate.
¢) Force-displacement curves,

Finally, the effect of the arrangement of the overlap be-
tween the scales was investigated using the three configura-
tions shown in figure 84a; in one of these the three scales
are stacked on top of each other, in the second they are in
the natural position and in the third, the second of the three
scale has been rotated through 180° (as shown in the fig-
ure). The force displacement curves indicated that the initial
stiffness is practically the same in all three cases, and that
maximum load was greater when the scales were stacked on
top of each other and somewhat less in the other two cases
(figure 84c). The most interesting result lay in the difference
between the deformation mechanisms of the scales and sub-
strate, illustrated, in a simplified form, in figure 84b. When
the scales overlapped in the natural position, they slid over
each other, the area of contact with the substrate increased,
and the load was spread over a larger area and the damage
decreased.

Summarising; the stiffness of the substrate does not af-
fect the value of the puncture force for the range of stiffness-
es studied, which were representative of the stiffnesses of
fish substrate and of materials used in the artificial armours
inspired by biomimetics. Stacking three scale tripled the pro-
tection against puncture, compared to a single scale. Possi-
ble friction between the scales did not appear to increase the
puncture resistance. Finally, the experiments demonstrated
that, even though the scales could resist puncture, sliding
between the scales and soft substrate redistributed the
stresses caused by the indenter over a larger volume, and
soothed the damage.

Similar studies have been carried out by other scientists.
M Meyers and co-workers (W Yang et al. 2014) performed de-
tailed investigations into the strength of the elasmoid scales
of the Arapaima gigas using indentation tests, X-ray diffrac-
tion analysis, and molecular dynamics calculations, and
achieved similar results to those already discussed: When a
predator’s teeth bite into the scales, the hard external layer
breaks first and the soft elasmoidine layer is left exposed.
If the teeth continue penetrating, the mineralised collagen
fibres dispersed in sheets with different orientations must
be separated, reorienting the collagen fibres and stressing
them. All this consumes energy, facilitates crack branching
and, ultimately, the damage is less.

P Y Chen et al. (2012) also studied the behaviour of ara-
paima scales under the action of piranha and shark teeth,
using nanoindentation techniques, and obtained similar re-
sults.
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3.4.3. Biomimetics: Flexible artificial armour

Elasmoid scales are a source of inspiration for the design
of armours; the hardness of the scales protecting the fish
against the teeth of its predators, and being imbricated and
anchored to a soft substrate, to provide sufficient flexibility to
the skin so as not to impede movement.

A very simple design, based upon these two concepts,
is to fabricate armour which protects the front against pen-
etration while being flexible has been suggested by several
authors (S Rudykh et al. 2015). The architecture of the ar-
mour shown, schematically, in figure 85a consists of two lay-
ers bonded together: The upper layer is formed of thin hard
acrylic polymer sheets (0.5 mm thick) and the lower layer is a
soft elastomeric material.pa inferior por un material blando,
un elastémero.

a
) 0
Hard sheets (thickness 0.5 mm)
section
| Elastomer | I 5mm
plate anchor detail
scale plant

overlapping detail

Fig. 85. a) Schematic representation of the armour proposed by S. Rudykh et
al. (2015).
b) Schematic representation of the armour proposed by N. Funk et al. (2015).

The resistance to penetration was measured by three-
point flexure tests. The resistive capacity can be controlled
by altering the percentage of the hard layer, and the flexibility
by means of the angle 6, which the sheets form with the soft
layer (figure 85a). Increasing the resistive capacity reduces
the flexibility, and increasing the inclination of the sheets (be-
tween 10 ° and 45°) increases the flexibility. With a judicious
combination if the percentage of the hard layer and the an-
gle 0, it is possible to optimise the design of the armour.
The authors suggest that the resistance can be increased
by a factor of 40, at the cost of reducing the flexibility by a
factor of 5. Playing with these two factors, an armour can
be designed with locally different properties; providing more
resistance to the more delicate zones and greater flexibility
where needed.

Another simple design, taking into account the hierarchi-
cal structures that nature has to offer, is also based upon
covering a soft substrate with hard scales. In this case the
soft base is a mesh of flexible polypropylene fibres (rather
than an elastomer) and the scales are, now, thin acetate
sheets (N Funk et al. 2015).

The mesh, primarily, provides a flexible support to the
scales —the average value of its elastic modulus is seven
orders of magnitude less than that of the scales— and, more-
over, it serves to anchor the plates at the nodes (figure 85b).
The anchor is made such that the plates can overlap and ro-
tate a little, very much like the way elasmoid scales behave.
The cited authors performed several tests —on what they
called synthetic skin— tensile, flexure and puncture, with spec-
imens measuring 180 mm by 150 mm, and which contained
690 scales, with satisfactory results. The overlapping of the
scales (between two and three) allowed a better redistribu-
tion of the forces and a reduction in the damage produced
by the punching. They also developed a simple model of the
architecture —mesh and plates— which was able to reproduce
their experiments. The advantage of a model which repli-
cates the experimental results, is that it allows modification
of the parameters (shape and properties of the mesh, and
dimensions and properties of the plates) in order to optimise
the performance of the armour; perhaps by using stronger
fibres to resist rupture of the mesh, modifying the shape of
the scales or increasing their flexural stiffness.

Based on these two ideas —hard overlapping plate and
a soft substrate— several examples of light, flexible armour
have been designed. Biomimetics has attempted to provide
a further step towards integrating both properties in the
same material, by means of the concept of flexible ceramics
(M A Meyers et al. 2012). The concept, was inspired by the
elasmoid scales of the Arapaima gigas, whose corrugations
on the hard external layer play an important structural role.
If the thickness of this layer were homogeneous (always the
same) the flexibility of the scale would be more restricted
and more likely to crack on bending because the material is
brittle. However, if it were corrugated it becomes more flexi-
ble, as indicated in figure 85c. In the referenced article, the
authors confirm this advantage by means of an elastic calcu-
lation. Consequently, cracking is localised at the bottom of
the valleys of the corrugations and is less serious. S Rudykh
et al. (2015) have demonstrated that it is possible to fabri-
cate very flexible armours with these concepts.
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